
Preliminary Exam in Linear Algebra 

August 2007 
 
Work each problem on separate sheets of paper.  Label each page with your name, problem 
number, and page number. Justify all steps in terms of the major results in linear algebra. 
 
 
Problem 1  Show that if Y and Z are subspaces of a finite-dimensional linear space then  

)dim()dim(dimdim ZYZYZY ∩++=+  
 
 
Problem 2: find the Jordan canonical form J of the matrix A below.  Also, find the characteristic and 
minimal polynomials of A, and the matrix T such that ATTJ 1−= : 

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−
=

120
020
111

A  

 
 
Problem 3: Suppose A is a 22×  real matrix with trace 7)( =Atr  and determinant 11)det( =A .  Find 

)( 2Atr .  
 
 
Problem 4: Let V be a finite-dimensional complex Euclidean space with scalar product (.,.) . A linear 
map T is said to be a reflection with respect to a plane }0),(:{ =∈= uxVxSu   if uTu −=  and 

wTw =  for all w in uS . Show that T is given by  u
uu
uxxTx

),(
),(2−=  and it is an isometry. 

 
 
Problem 5: Let V be a finitely-dimensional real Euclidean space and let B be a positive semidefinite 
linear map on V. 
(a) Show that 0),( =xBx  implies 0),(),( =+ ByxyBx  for all y in V. 
     (Hint: consider the map RI),),(( ∈++ ttyxtyxBt a ) 
(b) Deduce from (a) that the nullspace of B equals the nullspace of B* and that the nullspace and range of 
B are orthogonal. 
 
 
Problem 6: Suppose 200721 ,...,, vvv  are vectors in a 2006-dimensional real Euclidean vector space. 
Suppose that for all i,j  the scalar product ),( ji vv  is negative.  Show that one can express the zero vector 

as a linear combination of vectors 200721 ,...,, vvv  with positive coefficients. 
 


