1. (a) (5 points) Find the unit tangent and unit normal vectors T and N to the curve

r(t) = (3cost, 4t, 3sint)

3 3
at the point P = | ———, 37, — ).
b ( NG ﬂ)

(b) (5 points) Find curvature of the curve at the point P.

Solution:  (a) r' (t) = (=3sint, 4, 3cost), |’ ()| =v9I+16=5 (41 point)

_r@ /3. .43 .
T (t) = O < 5smt, 2 5cost> (41 point)

1 2 1 2
At the point P: t = ?ZTW’ sin%r = E = \/7_, COS?ZTW = —E = —g. (41 point)
4 4
Then T 5T —i, =, _ 3N —&, =, —ﬂ (41 point)
4 572057 52 1075 10

_T@ _ - ST\ _/V2 o v2N /L
_|T’(t)]_<_COSt’O’_Smt>7N<4)_<27 , 2>—< 2,O, 7

(42 points)

o (5)-(- o3

N (#)

37 3 3
r"” (t) = (—=3cost, 0, —=3sint), v’ ( — | = ( —=, 0, ———= ),
0= m () =70 )
i J k
3T 3m 3 3
N e n 2 | —— 4 —— _/_ B . .
r<4)><r (4) NG V2 < 6v/2, -9, 6\/§>, (42 points)
39 3
V2 V2
3
r’ <?ZT7T) x r” (%{)‘ =15, |1/ (%) = 125,
15 3 .
K= 108 = o (+2 points)



2. (10 points) Use LINEAR approximation to approximate the number

V3.04 + 7008

Solution: Denote f(z,y) = vz +e¥.

Then ﬁ(m ) = _ ﬁ(x ) = _
oz Y C2/rt+ev Oy Y ENE
We are looking for a linear approximation near the point (z¢,yo) = (3,0). (41 point)

130 =2 230 = }1 %(3,0) _ 1 (41 point)

(42 points)

Ox 4

Let L(z,y) be the linearization of f(z,y) near (3,0). Then

flry) % Lla,y) =2+ { (1 =)+ ;v (+3 points)

4
Therefore,
V3.04 + e 008 = £(3.04,—0.08) ~ L(3.04, —0.08)
=24 i (3.04 — 3) + i (—0.08) = 2 +0.01 — 0.02
= 1.99
or

V3.04+ e 908~ 1.99 (43 points)



3. (10 points) Find all critical points of the function f(z,y) = 4z — 32® — 2zy?. For each
critical point determine if it is a local maximum, local minimum or a saddle point.

Solution:  fi(z,y) = 4 — 92% — 242, f,(x,y) = —4zy. (41 point)
The equation f,(z,y) = 0 gives two solutions x =0 or y =0. (+1 point)

Case © = 0: f,(0,9) = 4 — 2y> = 0 gives solutions y = —v/2 or y = /2 and points

(0, —+v/2) and (0,/2). (41 point)

2 2 2
Case y = 0: f,(2,0) =4 — 922 = 0 gives solutions z = —3 or r = 3 and points (—g, 0)
2
and (5,0). (41 point)
o . 2 2 .
Critical points are (0, —v/2), (0,/2), (—570), and <§,0). (4+1 point)

fmw($7y> = —18uz, fxy(~177y) = _4y7 fyy(x,y) = —dz. (+1 pOiIlt)
D(l‘,y) - f:pm(x,y) fyy(xay) - zQy(xay) = 72I2 - 16y2 = 8(9%2 — 2y2) (—|—1 point)

D(0,—+v/2) = D(0,+/2) = =32 < 0.
Therefore, (0, —+/2) and (0,/2) are saddle points. (41 point)

2 2
D (—5,0) =32>0, i (—5,0) =12>0.

2
Therefore, (_§’ O) is a point of a local minimum. (41 point)

P P
D (5,0) =32>0, fu (g,o> =12 <0.

2
Therefore, (_5’ 0) is a point of a local maximum. (41 point)



4. (10 points) Find the volume of the solid E bounded by y = 2%, x = y?, 2 = z + y + 5,
and z = 0.

Solution:  F = {(z,y,2)] 0<2x<1,22<y<r,0<z<z+4+y+5}. (+2 points)
The volume V of the solid F is

1 Vzr z4y+5
Vz//dV:// / dzdydr (42 points)
E 0 22 0
1 Vz
://(x+y+5)dydx
0 a2
; y? e
= {(x—i—S)y—i-?] dx

_25/2 103/2121453 L 5
_L'fc AR G LTI
_2, 10 1 1 5 1

5 3 4 4 3 10

59

=35 (4+3 points)



5. (10 points) Find the y coordinate of the center of mass of a lamina that occupies the
region bounded by y> = x + 4, x = 0, and y > 0 and has density p(z,y) = y. Simplify
your answer as much as possible.

Solution: ~ The region is R = {(z,y)] 0 <y <2,y -4 <2 <0}. (42 points)

The mass of the lamina is

m = / / p(z.y)dA (41 point)

R
2 0 2
=/ / ydxdy:/(—y3+4y)dy
0 424 0
]' 4 2 ?
— =2yt 49
e,

=—-4+8=4. (42 points)

The y coordinate of the center of mass of the lamina is

1
y=_ // yp(z,y)dA (+1 point)
R

2 0 2

1 1
:Z/ / yzda:dyzz/(—y4+4y2)dy (42 points)

16 .
=15 (42 points)



6. (10 points) Evaluate the integral

/ / " dA
R

where R is the parallelogram ABC'D with vertices A = (0,0), B = (4,1), C = (7,4), and
D = (3,3) using the transformation z = 4u + 3v and y = u + 3v. Simplify your answer
as much as possible.

Solution: T: z=4u+3v, y=u+ 3v.

1 1
The inverse transformation is 7T7': u = g(x —y), v= 5(—9& +4y). (42 points)

In the uv-plane the region that corresponds to the parallelogram ABC D can be found if
we apply 7! to its vertices:

A, = T7Y(4) = (0,0), B, = T"Y(B) = (1,0), C; =

HC) = (1,1), Dy =T7Y(D) =
(0, 1), which is the square Ry = A;B;C1 Dy = {(u, | <u<1l,0<w

< 1} (+2 pts)

The Jacobian of the transformation is

Ly Ty

Yu Yo

// T A = // 2u=3v.9.dA (41 point)
R
2u—3v 9 2u—3v71
—9// dudv = = /[ ]Odv

J=

_‘43

) 3‘:12—3:9. (4+2 points)

3
=3 (€ —1—e'+e?). (43 points)



7. (10 points) Evaluate the line integral

7{ 2 dx + eV dy
C

along the negatively oriented closed curve C'; where C' is the boundary of the triangle
with the vertices (0,0), (0,1), and (1,0).

oP
Solution:  P(x,y) = e**, Q(x,y) = e Y. Hence a—y(w,y) = g2ty
9@
ox
The triangle D bounded by C'is D = {(z,y)|0 <2 <1,0<y < —z+1}. (42 points)

(x,y) =0. (42 points)

Using Green’s Theorem (41 point) and negative orientation of C' we get

7{ Xy 4+ e Vdy = // ") dA (42 points)

1 —z+1

/ / XY dy do = / e 2x+y};x+l dx

1 1
_ 2 19 i
=e 26 e—|—2
L,
256 —e+ —. (43 points)



8. (10 points) Evaluate the integral

é/ (10 — 22) dS,

2 2

where S is the part of the surface 2 =5 — Cln % inside the cylinder 22 + 3% = 1.

2 2
—Solution: Z = g(xay) =5 - % - %7 g_i(xay) = —Z, g_z(xay) =Y, (+1 pOil’lt)

2 2
ds = \/1 + (%) + (%) dA = +\/1+2%2+y?>dA. (42 points)
T Y

The domain in the zy-plane is the disk D = {(z,y)| 2* + y* < 1}. In polar coordinates
x=rcosf, y=rsinf, and D = {(r,0)|]0 <r <1,0<6 <27}. (+1 point) Hence

//<10_2Z)d5:// (10 = (10 = 2% — ¢)) V1+a% +y? dA
:// (v +y%) V1+ a2 +y?dA

o 1 1
—//r2\/1+r2-r~drd9—27r/r2v1+r2~r~dr (+3 points)
0 0 0

1
Substitution: u =1+ 12 gives 2 = u — 1, du = 2rdr, rdr = 3 du. Then

1 2
1
27T/ r2\/1+r2-r~dr:27r/(U—l)ulmgdu (+1 point)
0 1

2

2
=7 / (u¥? — ) du =7 Eum — §u3/2]

Hence

// (10 —2z)dS = 1% (\/§+ 1) 7. (42 points)

S



9. (10 points) Evaluate the line integral

fF-dr

c

for the vector field F(z,y, 2) = —yi+xj— zk, where the closed curve C' is the boundary
of the triangle with vertices (0,0,5), (2,0, 1), and (0, 3,2) traced in this order.

Solution: ~ Use Stokes” Theorem § F -dr = [[ curlF-dS. (+1 point)
C 5

i j k

o 0 0 .
curlF =| — — — | =2k=¢(0,0,2). (42 points

5% 35 95 { ). (42 points)

-y r —z

S is the triangle with vertices P(0,0,5), Q(2,0,1), R(0,3,2). To find the equation of S

we consider vectors P‘é (2,0, —4) and P = (0, 3, —3). A normal vector n to the
surface S is

i j k
n=POxPE=|2 0 —4|=(126,6). (+1 point)
03 -3

S lies in the plane with the equation 122+ 6y+6(z —5) =0or 2 =5—2x —y. (+1 pt)
Using = and y as parameters we define S by r(z,y) = (z, y, 5—2x—y), (4+1 pt) where
(x,y) € D and D is the triangle with vertices (0,0), (2,0), and (0, 3) in the zy-plane.

I‘x($,y> = <17 0, _2>7 I'y(l’,y) = <O7 1, _1>'

ij k
r,xr,=|10 —2|=(2,1,1). (42 points)
01 -1
Then
?{F-dr://curlF-dS://<0,0,2>-<2, 1, 1)dA:2//dA:2A(D):2-3:
c S D D

where A(D) is the area of the triangle D.

Therefore,

]{ F.-dr=6. (42 points)

C



10. (10 points) Evaluate the flux of F(z,y, z) = z*yi+2*yj+ (r+y) k over S, where S is the
closed surface consisting of the coordinate planes and the part of the sphere 224-y%+2? = 4
in the first octant x > 0, y > 0, z > 0, with the normal pointing outward.

Solution: By the Divergence Theorem the flux is

//FdS:/// divFdV, (+1 point)

where divF = z? (41 point) and F is the region bounded by S. In the spherical
coordinates z = psin¢cosf, y = psin ¢psinf, z = pcos ¢ the region is

E={(p,0,0)|]0<p<2 0<0<7/2, 0<¢<m/2}. (4+2 points) Then

w/2 w2 2
/// divFdV = / / / p? sin? ¢ cos? 0 - p*sin ¢ dp do db
E 0 0 0
w/2 w/2 2
= / cos29d9/ sin3gz§dqb/ ptdp. (+1 point)
0 0 0
/2 /2 /o
/ cos? 0 df) = / cos2041 1 [1 sin20+0] =2 (41 point)
2 2 |2 , 4
0 0
/2 w/2 1
/ sin® ¢ dop = / (1 — cos? ¢) singpdgp = [u = cos @] = / (1 — u2) du = ;, (42 points)
0 0 0
2
/ ptdp = % (+1 point)
0
Hence
w/2 w/2 2
/ COSQQdQ/ sin4q5dgz§/ pdp = % . ; : % = %W. (4+1 point)
0 0 0

1
Therefore, the flux is £ .

10



