PARTITIONED CONSERVATIVE, VARIABLE STEP,
SECOND-ORDER METHOD FOR MAGNETO-HYDRODYNAMICS
IN ELSASSER VARIABLES
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Abstract. Magnetohydrodynamics (MHD) describes the interaction between electrically con-
ducting fluids and electromagnetic fields. We propose and analyze a symplectic, second-order algo-
rithm for the evolutionary MHD system in Elsédsser variables. We reduce the computational cost of
the iterative non-linear solver, at each time step, by partitioning the coupled system into two sub-
problems of half size, solved in parallel. We prove that the iterations converge linearly, under a time
step restriction similar to the one required in the full space-time error analysis. The variable step
algorithm unconditionally conserves the energy, cross-helicity and magnetic helicity, and numerical
solutions are second-order accurate in the L2 and H-norms. The time adaptive mechanism, based
on a local truncation error criterion, helps the variable step algorithm balance accuracy and time
efficiency. Several numerical tests support the theoretical findings and verify the advantage of time
adaptivity.
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1. Introduction. The equations of magnetohydrodynamics [1] (MHD) describe
the motion of electrically conducting, incompressible flows in the presence of magnetic
fields. The understanding of the MHD system is essential to numerous applications in
science and engineering, astrophysics [4, 16, 35], geophysics [14, 36], sea water propul-
sion [31], cooling system design [3,23] and process metallurgy [12]. Given a bounded
domain Q C R? (d = 2,3) and time interval [0,T7], the fluid velocity field u, magnetic
field B and the pressure p satisfy

du+ (u-V)u—(B-V)B—vAu+Vp=f, V-u=0, (1.1)
B+ (u-V)B—(B-V)u—vy, AB=0, V-B=0, (1.2)

with Dirichlet boundary conditions: u|pq =0, Blagq = Bo. Here v is the kinematic
viscosity, v, is the magnetic resistivity, B, is a constant external magnetic field, and
f is an external force. The MHD flows entail two distinct physical processes: the
motion of fluid - governed by the hydrodynamics equations (1.1), and its interaction
with the magnetic fields - governed by the Maxwell equations (1.2). Splitting the
magnetic field B into its mean and fluctuation B = B, +b, the Elsésser variables [15]

2T =u+b, z7 =u—b,

merge the physical properties of the Navier-Stokes and Maxwell equations. The
Elsésser variables, used in plasma turbulence, differentiate between the MHD waves
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propagating parallel or anti-parallel to the main magnetic field B,. The MHD equa-
tions (1.1)-(1.2) are equivalently written in terms of the Elsésser variables as

{ 0z F (Bo-V)aE 4 (27 V)2t — v Azt —v= AT+ Vp =, (1.3)

V-2t =0,

and z* =0 on 9Q. Here v = (v+1y,)/2 and v~ = (v — 14,)/2. The nonlinear
interactions between the Alfvénic fluctuations z*, via the cross-coupling term (zF-
V)zi7 are basis of the Alfvén effect, a fundamental interaction process [13,18,21,26].

The numerical simulation of the fully-coupled system (1.3) is computationally
challenging. The monolithic methods or implicit fully-coupled algorithms [41], which
assemble the coupled system at each time step and solve it iteratively, are stable and
accurate, but quite demanding in computational speed and storage.

The implicit-explicit (IMEX) partitioned methods [30,39], at each time step, de-
couple the computations and treat the subphysics/subdomain variables implicitly in
time, while the coupling terms are evaluated explicitly in time (by lagging or extrap-
olating values), hence solving two subproblems in parallel. The IMEX decoupling
highly reduces the computational complexity, but often introduces a Lyapunov-type
instability.

Inhere we propose an algorithm which, at each time step, partitions the solve via
an iterative process, and prove that the iterations linearly converge to the solution of
the fully-coupled implicit monolithic method. The fully-coupled implicit monolithic
method is the variable step, one-step, second-order, symplectic, midpoint method.
Given zrjf at time t,, the fully-coupled scheme solves for z* at time t,, 1 by

+
Zn+1_z’rjl: B.-V + + \v/ +

p ¥ (Bo- )Zn+1/2+(zn+1/2' )zn+1/2
n

_ 1.4
—V+Azi:+l/2 —v AzerF-&-l/? +Vpi~_1/2 = f(tnt1/2); (14)

\Y 0,

+ _
.Zn+1/2 -

where t,, 1 /5 = (tn41 +tn)/2, Tn =tnt1 —tn is the local time step, and 23-1-1/27 pf+1/2
approximate z*, p at tn+1/2, respectively. The implementation of (1.4) can be sim-
plified by the refactorization on the backward Euler (BE) solver:

Step 1. BE solver for 25-4-1/2 on [tn,t,41/2]

Zr:::+1/2 — 2 + F +
T2 (Bo-V)2mpyo+ (Blinye V)2

+ - + 1.5
—VTAZ Ly AerLF+1/2 +VP 10 = ftntay2), =
+ _
V. Zg1)2 = 0.
Step 2. Post-process for zf;_lz z?;i_l = 2225_’_1/2 — .

The post-process is equivalent to the forward Euler (FE) solver on [t,, 1 /2,tn+1] [8].

We decouple the implicit monolithic midpoint method (1.4) by partitioning the

iterations in the refactorized implicit BE solver (1.5) for 22: 412 With an initial guess
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Z(j(E)) %Z% - %fop we seek Z(ik) and p(x) such that
+
z —Z
k) T . + F +
gz T Be V) + (2 V)G

B 1.6
_y+Az(ik) —v Az(j;;_l) +Vpi) = f(tns1/2); (1.6)

= _
V-z(k)—O.

In Theorem 3.1 we prove that the sequence {z(j;)}zozo in the BE partitioned iteration

(1.6) converges linearly to z strongly in H' (), provided the time step 7, is

rjf+1 /20
small enough. The BE partitioned iteration (1.6) is computationally efficient [38], as
it decouples the cross-coupling terms (2T - V)z%*. Due to the fact that the symplec-
tic, second-order accurate, one-step implicit midpoint method conserves all quadratic

Hamiltonians [2,5,8], the algorithm (1.4) conserves

1
e the model energy: £(t) = 5/9(|u|2 +|B|?)dz,

1
e the cross-helicity: Ho(t) = 5/ u- Bdz,
Q

1
e the magnetic-helicity: Has(t) = 5/ A - Bdz for the vector potential A such

Q
that B=V x A,

and its numerical solutions are second-order accurate in time. The midpoint rule is a
special member of the robust Dahlquist-Liniger-Nevanlinna (DLN) family of one-leg
second-order variable step methods [11,27-29,33], which are unconditionally stable for
any arbitrary sequence of time steps. Also having the smallest error constant in the
DLN family makes the midpoint method an ideal choice for time adaptivity, based on
various criteria (minimum numerical dissipation, global error or local truncation error
(LTE)). Time adaptivity is an effective approach to balances the computational costs
and accuracy in the simulation of many stiff ordinary differential equations and fluid
models [9,27,29,33,34,37]. Here we utilize the explicit AB2-like method (a variant
of the two-step Adams-Bashforth method [8]) to estimate the LTE of the algorithm
(1.4), with negligible extra computational costs. This adaptive mechanism achieves
outstanding performance in numerous highly stiff evolutionary equations [7] and thus
deserves a fair trial in the simulations of MHD flows.

The rest of report is organized as follows. In Section 2 we give some necessary
notations and preliminary results. In Section 3 we present detailed numerical analysis
of the implicit fully-decoupled algorithm (1.4) with partitioned BE iterations (1.6).
In subsection 3.1 we prove that the sequence {zi)}zozo in (1.6) converges linearly to
zf+1/2 in (1.5), strongly in H'(£2). We show in subsection 3.2 that the implicit algo-
rithm (1.4) is unconditionally stable, and (in the ideal case) conserves the quadratic
Hamitonians: energy, cross-helicity and magnetic-helicity. The variable step error
analysis for the Elsésser variables z* is provided in subsection 3.4. Several numerical
tests are presented in Section 5 to support main results of the report. Examples of
two-dimensional traveling wave problem [40], and Hartmann flows [19] are to verify
that the algorithm (1.4) is second-order accurate and has long-term conservations in
the model energy, the cross-helicity and the magnetic-helicity. The efficiency of time
adaptivity by LTE criterion is confirmed by these two examples with Lindberg time
component [32].



2. Preliminaries and Notations. Let Q C R? (d =2,3) be a bounded domain,
and denote by LP(Q)) the Banach space of Lebesgue measurable function f such that
| f|P is integrable. We denote by H*(f2) is the usual Sobolev space W*%2(2) with norm
|||l and semi-norm |- |,. In the case £ =0, H°(Q) reduces to the L?(£2) Hilbert space,
with norm ||- || and inner product (-,-). The function spaces X for Elsésser variables
z* and Q for pressure p are

X = (H Q)" = {v e (') v]oq = 0}, Q= {q € L2(Q): (¢,1) = o}.
The divergence-free space for X is
V= {UGX: (V-v,q) =0, VqGQ},
and let X’ denote the dual space of X with the dual norm

Il = sup L

veEX, v#0 ||V’U

, Vfex' (2.1)

For spatial discretization we use the finite element method. Let {73} be a family of
edge-to-edge triangulation with diameter h € (0,1). We denote X" ¢ X and Q" c Q
as certain finite element spaces for Elséisser variables z* and pressure p respectively.
The divergence-free space for X" is

vh.= {vh e X (qh,V-vh) =0, Vg" EQh}~

We assume that X" is C™-space containing polynomials of highest degree r, Q"
is C™-space containing polynomials of highest degree s, and we have the following
approximations for v € (H™1)4NX and ¢ € H*t'NQ

Joffo—o" e < ORI ol gy, 0< 6 <minfm+ e+ 1),
vre

(2.2)
hinéh Hq—qhHZ2 < Cg2’8h5+1_22|q|5+1, 0</4ly <min{m+1,s+1},
qhe

where the constants C’Q’T,C'ff’s > 0 are independent of h (see e.g., [6,10]). We also

recall the inverse inequality for X" is
[o") < Crh~ Yo", ol e X", (2.3)

for C't > 0 independent of h. To ensure the robustness of the fully discrete algorithm,
we assume that X" and Q" satisfy the discrete inf-sup condition (Ladyzhenskaya-
Babuska-Brezzi condition)

(V-v".q")
inf  sup ~——————% > Pis >0, (2.4)
aheQh phexn VR [llgh] =7
where (i is independent of h. The Taylor-Hood (P2-P1) space and Mini element
space are typical examples meeting this criterion. For any pair (u,p) € V x @, the
Stokes projection (IStu,IStp) € VP x Q" is defined to be the unique solution to the
following Stokes problem

{ (Vu—VIStu,Vvh) = (p—IStp,V“Uh)

. V(Mg e Xh < Qh. 2.5
(4", Tsyu) = 0 ( ) (2.5)



We recall that if the pair (X", Q") satisfies the discrete inf-sup condition in (2.4), the
following approximation property of the Stokes projection [20,25] holds

1
u—Igiu §2(1+—) inf |u—o|{+ inf —q". 2.6
ju— Tseuly o) At Jum vtk it =g (2.6)

In the error analysis we will make use of the skew-symmetric nonlinear operator

N(u,v,w)zé(u-Vuw)—%(u-Vw,v), Yu,v,w € (Hl(Q))d, (2.7)
which can also be written as
N(u,v,w) = (u-Vv,w)—l—%((V-u)v,w), Vu,v,w € X. (2.8)

Finally, we recall the following Sobolev embedding and Ladyzhenskaya inequality [17,
p. 52]

1 \d/6 _
2(d—1)\d/4 _ d
e < (RS) Vit v s, vee @)’ @a0)

3. Partitioned, conservative, variable step, second-order method. In
this section, first we prove the linear convergence of the iterative solution of the
partitioned method (1.6), to the solution at time ¢,,, ¢ /2 of the fully coupled midpoint
method (1.4). Secondly, we prove the stability of (1.4), and the conservation of three
quadratic invariants: the energy in the original variables u and B, the cross-helicity
and the magnetic-helicity. Finally, we perform error analysis of the full time-space
discretization, using the finite element method.

3.1. Convergence of the subiterates. To simplify the presentation, we intro-
duce the following notations related to the errors at each iteration

a(k):z:+1/2—z(—i];), b(k):Z;Jrl/z_Z(_k)a

_ 2(d—1)y /4
Yo =max {[Vzr ol V2, 0lll 0= (W) .
and a weighted H'(2) norm of the errors akys b

Gy =5 (1) 7 (55~

2 vug,

_d_
)77 (lage I2 + 156 12)

V2 — VU, —|—1/§1

+
4(v+vm)

(IVag) I” +11Vb)l1?).-

The next result shows the H'(f2) strong convergence of the iterates z(j,z), under the
following time step restriction

(3.1)

Tn

8 1 V2 — vy, + u?n ( 20V, )d/(4—d)
T A—d (§2y,)VA-d) 2 42 d(v+vm) '



THEOREM 3.1. Asume that the time step T, satisfies condition (3.1). Then, the

(1.6) sequence of iterates {Z(ik)}kzo converges linearly to Z7T+1/2 in the H'(Q)
200,
G0 < (1= o m ) Gy (32)

Proof. First, we subtract (1.6) from (1.5), and test the result with a(;) and by,
respectively, to obtain

V+Um

5 (Va2 + [V %)

(lagy 1% + 1bay %) +

V—VUnm

5 ((Va(k),Vb(k—n)+(Va(k—1),Vb(k)))

+ /Q be—1) V211 2 00k) + /Q (k) "V, 11250k = 0-

Then, using the polarization identity on the mixed diffusion terms, we have

2
Tn

V— Uy,
((Va(k)aVb(k—l))+(Va(k—1)7Vb(k)))
V+vm V—"VUm 2
=~ ([ I+ 19bol) ~ {2 (P l+ 1961 )
v — v V+Vm . v — Um| ’
+ 1 |V7Vm‘Va(k)+51gn(V—Vm) P Vb(1—1)
v — v VAtV . |V —vm] ?
+ 1 |I/—I/m‘Vb(k)+Slgn(y_ym) . Vag_1| »
where
-1, ifx<0,
sign(z) =4 0, ifz=0,
1, ifx >0,
and therefore
2 V+Um
;(Ha’(k)||2+||b(k)”2)+ 1 (Va2 + 1Vbw)l1?)
+|y—ym| VU, v + sign( ) |1/—1/m‘Vb 2
1 o] aggy +sign(v — v prme L)
|V — v V+vm, . [V —vm| ’
+ 1 |1/—1/m\Vb(k)+Slgn(V_Vm) . Va1
+ —
+ /wafl) V2 120k T /Q (k) V11 /2b(k)
2
V—"Um
— (e (VeI + 19 )

Now we apply the Ladyzhenskaya inequality (2.10) to the convective terms to obtain

+ —
/Q be—1)" V2,100 + /Q Ak—1)" V1 /2b(k)
6



. _%0(33721))4 d<2)d/(4 d)(V—&—Vm)ﬁdd%%iﬁ (I\a<k)ll2+llb(k)\|2)

VVpp,

4;61(2(53721))ﬂ(;z>d/(4—d)(u;:lm)4dd e (||a(k oI+ 1ol )

1 vy,
“ivtv (||Va(k)||2+||Vb(k)|| ) (Hva(kfl)HQ'i_HVb(kfl)H2>'

1 vy,

dv+v

Finally, using this inequality in the relation above implies

_d_
(2—4?<52%>@(d”+”’”)”) (e

Tn 2 v

V2 +1/Vm—|—1/

(||Va<k>||2+||w(k %)

4(v+vm)
4—d, , dv+uvn,
<o) (5 )™ (lage o+ o)
V2 l/l/m—|—l/ 9
+W(HVQUC ylIZ +11Vbg—1)lI?)-

Hence, under the time step restriction (3.1), the above estimate yields the linear
convergence relation (3.2). O

3.2. Stability and a balance of energy. Now we consider the stability of the
algorithm (1.4). We denote the discrete kinetic energy of the system by &V, the
viscous dissipation rate by DV :

1 _
e¥ =2 (1412 + I512),

N—-1
DN =min{v,vm} > Ta(IV2h ol +11V2 %) (3.3)
n=1
N-1 )
+v7| Z TnHVz:[H/Q+sign(v_)Vz;+l/2H ,
n=1

THEOREM 3.2. The algorithm in (1.4) is unconditionally stable and satisfies

N-1
eV - DN+‘U |ZTn||VZn+1/z+Slgn( RACTEr

N—-1
n 2 0

< _ . .

<X gy eI+ (3.4)

Moveowver, the following energy equality holds in the absence of external force f
EN DN = &0 (3.5)

Proof. We first take inner product of (1.4) with 2% and use the skew-

symmetry properties (2.7), (2.8) to obtain

n41/2°

1 2|2 - +
(Hzn+1|| — [z 11%) +2V+Hvzn+1/2” +2v (ZrT+1/2’Zn+1/2)

7



:2(f(tn+1/2)722:+1/2)' (3'6)

Then we use the following polarization identity

v (vzn+1/2’vzn+1/2)
200 P P 2 V7| T 2 + 2
=3 ||Vzn+1/2+s1gn(z/ )vzn+1/2|| ) (Hvzn+l/2” +||V'Zn+1/2|| ),
to obtain
1 2 - 2 2 —2
5 Mz P+ 1z 1P =z 12 = Nz 1) (3.7)
n

_ _ _ . e 2
+wt = \)(||Vz;’+1/2||2—|—||Vzn+1/2\|2)+|1/ |HVZ:+1/2+SIgn(V )Vzn+1/2H

= (f(tn+1/2),2;+1/2) + (f(tn+1/2)az7;+1/2)'

Using v — |v~| = min{v, v, }, the definition of dual norm (2.1), and Young’s inequal-
ity we have

1 2 - 2 2 — 12
o (I I + Nz 1% =l 1% =l 11%) (3.8)
n

L. _ - . - 2

+ 3 min{v, ym}(HVz:HﬂHQ + ||Vzn+1/2||2) + v |HVZ:LF+1/2 +sign(v )Vzn+1/2H
1 2

—||f (¢ .
< oy 2
Finally, if we multiply (3.8) by 7, and sum over n from 1 to N — 1, we obtain (3.4).
In the case when the source function f vanishes, summation of (3.7) over n from 1 to
N —1 yields (3.5). O

3.3. Comnservation of quadratic invariants: energy, cross-helicity and
magnetic-helicity. We note that the fully coupled system (1.4) can be equivalently
written as

Uptl — Un
% — (But1/2: V) Bz + (ngay2 V)tngap = vAu 1
n + _
Py +p,
_A'_V(w) = f(tn+1/2)7
Bui1 = Bn (39

- + (Unt1/2° V) Bug1j2 = (Bnyij2 - V)Ung1/2 = VmABr 1)
' P, 172 " P12
n-+ n+ _

+v(—2 ) =0,

V'un+l/2:0a v'Bn+1/2:07

where by Step 2 in (1.5) we have u,y1/0 = (unt+1+un)/2 and B,y /0 = (Bpy1 +
Bn)/2.

We denote the energy, the cross-helicity and the magnetic-helicity corresponding to
the solution at time t,, of algorithm (3.9) by

1

1 1
En = 7/ (lun|2+ ‘Bn|2)d$, He, = 7/ Up - Bpdz, Hum, = 7/ Ay - Bpdz.

8



THEOREM 3.3.  The algorithm in (1.4) or (3.9), conserves the energy, cross-
helicity and magnetic-helicity

gn = 603 ch = HCO? HMn = HM()»

in the ideal case, i.e., in the absence of external forcing terms, and for zero kinematic
viscosity and magnetic diffusivity.

Proof. We assume that f =0, and v = v, =0. First, we take inner product of
first equation of (3.9) with wu,, 1/, the second equation of (3.9) with B,,| /o and use
the skew-symmetry properties (2.7), (2.8) to obtain

1 1
5 (a2 + 1Bt [7) = 5 (fun | + 11 Ba?) = 0. (3.10)

Summation of (3.10) over n from 1 to N —1 and proves the conservation of the model
energy, i.e. &y = &p.

Secondly, we take the inner product of the first equation in (3.9) with B,, 4 /25
the second equation of (3.9) with w19

1
P (Un+1—tn, Bng1+ Bn) + ((Unq1/2- V)tni1/2, Bpi1/2) =0,
n
1
27 (Bnt1 = Bn,uny1+un) + ((Uns1/2-V)Bpy1/2,tpg12) = 0.

and using (2.7), (2.8) similarly we obtain

1 1
— [ up41-Bpyirdr— —/ Uy - Bpdr =0, (3.11)
Tn JO Tn JOQ

which proves the conservation of cross helicity, i.e., Hoy = Hc, -
For the result on the magnetic helicity, we begin by recalling (see e.g., [20, Theo-

rem 3.2, Chapter I]) that, since V- B, =0, there exists a function A, € (H* (Q))d such
that B, =V x A,, for all n. Moreover, VA, =0 and A,, =0 on the boundary. Next,
we take the inner product of second equation of (3.9) with A, /0 = (Any1+Ay)/2

1
?(Bn+1 7BnaAn+1/2)
+ ((ng1/2- V) Brti1/2:Ant1/2) = ((Bryiy2 V)t g1 2,Anp1/2) = 0. (3.12)
Then, we use the identity
Vx(Bxu)=(V-u)B+(u-V)B—(V-B)u—(B-V)u,
to write the convective terms as follows
((Un+1/2 ) V)Bn+1/25An+1/2) - ((Bn+1/2 ) V)un+1/27An+1/2) (3.13)
= (V X (Brpy1/2 % un+1/2)7An+1/2) - ((v'un+1/2)Bn+l/27An+l/2>
+ (V- Bpi1/2)tng1/2:Ani1/2)
= (VX ((VXApy1/2) X tpg)2), Api)2)
= ((VXAn+1/2) Xun+1/2»VXAn+1/2) —/E)Q((VXAnH/Q)XUnH/Q) XApi1/2=0,

9



where the last equality comes from the homogeneous Dirichlet boundary condition on
the velocity u|sq = 0, and the orthogonality of V x A, 1 /5 and (V X Ay, 11 /2) X Uy 41 /2
Using (3.13) in (3.12) gives

/An+1~Bn+1d$+/An~Bn+1dz—/AnJrl-Bndl‘:/An-Bndl‘. (3.14)
Q Q Q Q

Finally, by the Gauss’ divergence theorem we have

/ An -Bn+1d$—/ An+1 Bnd:c Z/ V- (An+1 X An)dﬂf = O7
Q Q Q

and therefore (3.14) implies the conservation of magnetic-helicity Hary, = Has,- O

3.4. Error Analysis. In this section, z*(t,) represent the true solutions of
(1.3) at time t,,. For the fully space-time discretization, zh e X and p +1/2 c QM
are numerical approximations of z*(t,,) and p(t,41 /2) respectively.

T he variational formulation of the fully-decoupled algorithm in (1.4) is: given

he X, we solve zn+1 e X pth e QM such that for all (v",¢") e XP x QP

n41/2

JEh _th

(% >¥N(B°’zn-;—l/2’ )+N( n+1/2’ T:Lt—i-hl/2’ h)
(Vzrirhl/z,Vv ) (vzr:zFJrhl/Q’v” ) ( n+1/2’v v ) (f(tn-l-l/?)’vh)’

(V an/Q,q ") =o.

(3.15)

The following result recalls the consistency of the midpoint finite difference method.
LEMMA 3.4.  For any given nodes {t,}N_, on the time interval [0,T], if the
mapping u : [0,T) — H'(Q) is smooth enough, then

tn+1
[uttasn) +utt) 2=t )], <078 [ a0l (16)
u(-,tnt1) —ul,tn tnt1
[tV =0 o), <On [ Bl (a7

Proof. A direct calculation involving the Taylor expansion with integral remainder
about ¢, /0. 0
We also need the following Bochner spaces on the time interval [0, 7

T p
L0751 @)) ={ot) € @) s ol = ( o) "7 < o,

L0, (H()") ={o,1) € (@) oloe.o = sup (1) < o0,

T 1/p
2 OT:X) ={o,0) € X' slollpa = ([ ot 0l71de) " <o},
0
and the corresponding discrete Bochner spaces

02 ({ta 03 (HE())1)
= {0(tn) € (HAQ) s [ollloo,e = max [[o(-,ta)lle < o0},

0<n<N
10



(o0:1/2 ({tn},]:f:();(Hé(Q))d)
= {v(',tn+1/2) e H Q) llloery2 = _max [[v(-,tur1/2)lle < OO}

1<n<N-1
P2 ({tn 1o (H(2)4)
N-1

= {U('7tn+1/2) € (H ) : lv]llpe,1/2 = ( > ralloCotnsy2)lf )l/p < oo},

n=1
P2 ({tn}00; X')
N-1

1/
= {oCtnin2) €X s Mol 1 1= (3 malloCtusa p)l7y) " < oo}

n=1

We denote the errors in the algorithm (3.15) at time ¢, by et = zi-" — 2% (t,,).
This should be e 1!

THEOREM 3.5. We assume that (2%,p) in (1.3) satisfies the reqularity assump-
tions

7 € 0% ({tn}00s (HO)D) M2 ({0} s (HOT) 0212 ({10 (H™) A0 (H?)4),
2 e (Y2 ([t} N s (HY)? )mL4(0,T;(H1)d)

zE e L2(0,T5(H™™HY), 2 e L2(0,T;(H™ )2 (H)?),

zif, € L*(0,T5 X7), p e P2 ({3 N o  HoHY). (3.18)

and time step size T, satisfies

1

Tn < . Vn=1,2--,N—1, (3.19)
" ae(cpnz) + 25605 23))
where
or  2BA-DPPCEIC (CE? 1 (3(d—1))4/3C3*
e ev*dTd/6 ( ﬂis) R 32(v*)3d7d/3 7
75 = Lmax {|27( n+1)+z+(tn)|2,|z*(tn+1)+z*(tn)\2},
2) 1 _
232 = S max {|[V (= (tn1) + 27 (1) [4 19 (7 () 27 (00) 1},
v* =vt —|v~|=min{v,vn }, and Cp represents the constant in the Poincaré inequal-
ity. Then the following error estimates hold
lex I+ llenl? < CR* (1211130 pga + 1127 130 1 41) (3.20)

N—1
+O€Xp (C Z (thZ£1)+O;Z£2))Tn> (h’2r h23+2 maxaHB || )
n=1

and

N-1
v S (19 )21+ IV (e +e)/202)
n=0
11



2 4 2
< CV* R (thasclZE 113 iy + ]2

)

N-1
+ Cexp (C Z (CikhZ’r(Ll) +C;ZT(LQ))T”>F(h2T,h2s+2,7‘§lax, ||Bo||2),

n=1

where Timax = maXogngN{Tn} and

F(h?, h23+27 Tnax: || Bol1?)

_nP )2+ )2) WP Toax
(||Z+||2r+1+||z H2r+1)+( ) (1

(V+) + (7)) R _
+( o ) (|||Z+H|g,r+1,1/2+||‘z |||§,7-+1,1/2)

* |ztt||2 r+1+HZtt||2 r+1)

(v ) Thhax 12 —2 h2st2 12 —n2
+T(HVZHII2,O+IIVZ“||2,o)+7*(|||29 |||2,s+1,1/2+H|p |||2,s+1,1/2)
T (72 B+ V2 B.0) 7205 B |2 (1925 130 + 1972 B o)

e ttt112,0 2t 12,0 P ° 2t 112,0 2 112,0

h2r7_4
+&HBOH (HzttHQ r+1+Hztt”2 r+1)

h2r n

— 1B 12 (Il= 113 1 1/2+H|Z 113 T, 1/2)
4

T —112 2 —2
+ ‘;‘i"(\llz 126,11V 285115,0 + 112 112,111V 22 3,0 + 12T 11120 1.1 211V 222 13,0

+l]=~ ‘HOO,l,l/Q”VZtt”Q,O)

h2r7_4 9 o n
max —
+— 2= (V=" s oz 12,1 + 1TV 2

2r
- +,h —h
" (|Hz+|||§,r+1,1/2+ 12 |||§,r+1,1/2) + (||50 ||2+ €0 ||2)

?)0,0‘lz);”%,r—i-l)

Proof. The true solutions of (1.3) at time ,,; /7 satisfies

+ o+
(2 (tn+17)- z (tn)7vh) FN (Bos 2 (b g1 2),0") A N (57 (b g1 2), 25 (g1 /2),0")
(3.21)

Uh) +vo (Vzﬂtn-s-l/z),vvh) - (pi(tn—&-l/Q)vV'vh)

Jr(Vzi(tn-ﬂ/z)vv
+ _
(z (tn1) — 27 (tn) _zti(tml/?)’vh)’ —
n

= (f(tngry2)0") +

We denote by Igizt the velocity components of Stokes projection of (z,0) onto

VP x Q" and decompose the error el as

67:’1: = 5?1:7h +77i(tn)7 gfﬁ = 27%7}1 - IStZi(tn)a ni(tn) = IStzi (tn) - Zi(tn)-
(3.22)

For convenience of the presentation, we denote

£n+1/2 (gn—&-l +€'r:£:)/2
’f—}-l/Q = (zi( n+1) +z ( ))/2’ 77:4_1/2 = (ni(tn—i-l) +7]i(tn))/2.

12



We subtract (3.21) from the first equation of (3.15) to obtain:
+

+
(%,uh) vH(V(ed,, +e2)/2, 0" + v~ (V(eF,, +¢F)/2, V0"
FN(Bo, (], 1 +ei)/2,0")
= v (V2 (tng1y2) = V(ES (Eng1) + 27 () /2), VO©)
+v 7 (VaT (tngry2) = VIGET (tns) +27(80))/2), Vo)
j:N(Bm(th(’fnﬂ)‘Ffzjt(tn))/Q—ZjE( n41/2),0 h) - (pi(tn+1/2) —qh,v'vh)
+N(Z:F(tn+l/2)7zi tn+1/2),vh) -N(zF he R h)

n+1/2° n+1/2’
_ (Z:t(thrl) - Zi(tn)

Tn

_Zti(tn+1/2)’vh)7 V(" q") e VI x QM.

By the decomposition of the error e (3.22), the above can be equivalently written as

S

( ot p 7Uh) (v£n+1/2’ ")+ (v§n+1/2’ )$N(B°’£n+1/2’ ")
+ ot

7<77 (tnt1) —n (tn)ﬂ)h)

Tn

V+(Vzi(tn+1/2)—Vz:+1/2,Vv J+v (VaT (tn+1/2)—Vz:LF+1/2,Vvh)
(Zi(tn+1)_zi(tn> =

™ zy (tn+1/2)7vh)
N(Bo,2n+1/2 Zi(tn+1/2)avh) +N(Z:F(tn+1/2)aZi(tn+1/2)71}h)

. F.h +,h P
N(Zn+1/2’zn+1/2’ )

— (P (tng1s2) — ", V0" —

We set vP = ﬁrj;hl /2 and use skew-symmetry of N to obtain

1
?(”gnJrl”z ||£7:’t:,h‘|2) +||V§n+1/2||2 (v§n+1/23v£n+1/2) (323)

+ +
0> (tng1) =0 (tn) o+,
= _( = ™ 75n+h1/2) (vnn+1/2’v£n+1/2) (Vnn+1/2’v£n+1/2)

v (Ve (tyya2) = V2 n+1/2’V£n+1/2) v (V2T (tn+1/2>_Vzn+1/2’v€n+1/2)

) _ (Zi(thrl) — 2% (tn) +

k) :t7
— (pi(tn+1/2)_qh,v~£n+hi/2 ™ —Z (tn+1/2)7€n+};/2)

+ +,h + +.h
iN(BO’nn+1/2’£n+l/2) iN(BO’Zn+1/2 z (t"+1/2)’£n+1/2)

+,h +,h
+N(Z$(tn+1/2)’zi(tn+1/2)7§n+1/2) _N<Zn+1/2"z:+1/2’§n+1/2)
+ +,h +.h
+N(Z7T+l/2’zn+l/2’£n+l/2) —N(z 7T+1/2’ n+1/2’§n+1/2) =hL+-+h.

Now we address each of the terms on the right hand side of (3.23). By the Cauchy-
Schwarz, Poincaré and Young’s inequalities, the estimate of the Stokes projection
(2.6), the approximations in (2.2) and Hoélder’s inequality we have

+ _
n=-(" (t"“ln L (t")7§f4}‘1/2) (3.24)

13
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C(e)

< o= ()t e [V
n
Cle h2r+2 .
< A e () — () 4+ IVES

< 0(6) h27“+2

ToV*

tnt1 + * 2
[ I R e Ve P

where € > 0 is a constant to be chosen later, and C(¢) > 0 is a constant depending on e.
Using the Cauchy-Schwarz, Young’s inequality, the estimate (2.6), the approximations
(2.2) and (3.16) we also get

Iy = (Vnn+1/2’vfn+1/2) < Cy+hr‘|zn+1/2||r+1 ||V§n+1/2|| (3.25)

< C( )( ) h2r (H

S— U= Z(tn+1/2)“%+1+” (n+1/2)||r+1)+6V van+1/2||2

Cleh) hQ’"( 3

tnt
+ +
< SR (e [ NIt + 1 a2 ) + " IVEE

Similarly,
_ +,h
Is=-v (VTITT+1/2’V§n+1/2) (3.26)

C(e)(v™)2h> ot )
< = (R / 2 1t 4 12 ()2 ) + e [VEE

By the Cauchy-Schwarz and Young inequalities, using (3.16) we have
Iy =vH(Va*(tysrye) — Voo, /Q,V,gn 4 /2) (3.27)
<vt|VzE(tyq1/2) — Vz A3
_ COW )P

= *

n+1/2||| n+1/2H

tn4
[ I Pt et 1veE,
and

I5 =v (VZ:F (tn+l/2> Vzn+1/2,V§n+1/2) (328)

<v~ ‘|VZ$(tn+1/2) VZ7T+1/2” ||V£n+1/2 ”

Ce)(v™ 27—31&)( fnt *
<()()/t IV 2t + e[ VEED 1.

V*

Now we set ¢" to be L2-projection of p*(t,,, /2), and use the Cauchy-Schwarz in-
equality, (2.2) and Young’s inequality to obtain

Is =~ (P (tny1j2) — 0" V€51 ) < VAl (tayrje) — " IIVES ol (3.29)
C( )h23+2

2
Syi\lp (tn1/2) 1341 + e IVET o)1

Using the Cauchy-Schwarz and Poincaré inequalities, (3.17) and Young’s inequality
we obtain

(1) -2 (b,
frm ()20 o) €) (3.30)

Tn
14



tnt
JR AR N

By Holder’s inequality and the Sobolev embedding theorem, the Poincaré inequality,
using VB, = 0, the approximations (2.6), (2.2) and (3.16), we have

Is =N (Boyn*(tn41/2):6,71 o) (3.31)
< C(IBalllBolln) *I1VnE, , pIIES ]
< C||Bo [V, , I VE
< On"|1Bo| (|12

n+1/2”
zi(

n+1/2 n+1/2)||7‘+1 + Hzi( n+1/2)||7’+1)|‘v§n+1/2‘|

Clon?
< 7HB 1% (7 max/t Iz 121t + 1|25 (tngr o) 1741) + e ||V§n+1/2||27
and

+.h
Ig _iN(BO’ZnJrl/Z Zi(tn+1/2)7£n+1/2) (332)
+.,h
<C|Bs H”vszrl/Z Vzi(tn+1/2)\||\vfn+1/2“

e "
< S [ 9 IR P
Similarly to (3.32) we obtain

+.h
Iio :N(ZJF(thrl/?)’Zi( n+1/2 n+1/2) ( 7T+1/2’Z§+1/2’£n+1/2) (3.33)
e + +,h
SN(Z:F(tn+1/2)_Zn+1/27 ( n+1/2)’ n+1/2) +N( Fnt1/207 (t"+1/2)_zn+1/2’§n+1/2)

< CIVEF () =2 )V (a2 IIVET o
+CHVZ7L+1/2”||V(Z (n+1/2) i+1/2)H||V§n+1/2H
C(E Tr?y)nax bt bt
< Ao (1712, , [ Ve P 40 e [ IV )
tn tn
+et [V I

By the skew-symmetriy property (2.7) we can write 11 as
— + +,h F,h +,h
I *N(Z]F+1/2’Zn+1/27£n+1/2) ~N(z Fnt1/2) n+1/2’£n+1/2)
+ ¥, +
(€n+1/27 n+1/2’£n+1/2) N(nn+1/2’zn+1/2’£n+1/2) _N(§n+1/2’ n+1/27§n+1/2)

; + +.h oy _ (1) (5)
_N(nn+l/2’nn+1/2’£n+l/2) _N(Z’I’T+1/2’,’7n+l/27£n+l/2) =Iy +-+ 0y
Now we evaluate each term in the right hand side above as follows. By Holder’s
inequality, (2.9), Poincaré and Young’s inequality we have

1Y = N (e gk ) (3.34)
11 n+1/2° n+1/2’ n+1/2 ’

2(3—d)
2 o, Bd=1)*3Cy 2
<ev” ||V£n+1/2” +ev” ||v§n+1/2H 64(€V*)3d7d/3 ||v n+1/2” ||§n+1/2” .
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Similarly,
2
1 1(1) =N (77]F

+ +.h
n+1/2° Zn+1/2’§n+1/2)

o
(IV2E 12+ 192512 )IV0T, o

(3.35)

< eV ||V£n+1/2”2

Using Holder’s inequality, (2.9), Poincaré and Young’s inequality, (2.6), (2.2) and the
inverse inequality (2.3) we get

(3) +.h
Iy =~ (§n+1/2’ n+1/2’§n+1/2) (3.36)
(3(d—1)3 _(3_a)/2 1/2
< 47d/12 C (Hgn+1/2||”V§n+1/2”) ||V77n+1/2‘|||v§n+1/2H
o, Bld—1)*30yCr (") 2
S ev’ van+1/2|| + c*d7d/6 (1‘*‘57) h|zn+1/2|2”€n+1/2‘| ’
also
4 +,
LY = =N i it o) < CUVTE A+ V0T NIVnE, o llIVEES, ol
(3.37)
<@ Ve 1P+ S (IV2E 12+ IV 1) 190, ol
and finally
5 +,
LY = N i o€l 2) S CUVEE I+ IV2F D IVIE, LlIVESS o
(3.38)
< [VEE 1P+ L (I92E 12+ IVF 1) V05, ol
Therefore, we combine (3.34)-(3.38) to obtain
+ +,h N +.h
I :N(Zi+1/2’zn+1/27§n+1/2) _N(Z;F+1/27Zn+1/2’§n+1/2) (3.39)
< BUDPPCRCUCTN (| Lyzye e o
= cv*d7d/6 Bis n+1/212 n+1/2

BU_MCTT e R 2

C()

(V22 P2 ) 190 ol
c< )

(VAP V2T I IV ol + 5 IVE, P + e IVET 17

Now we use (2.6), (2.2), the triangle inequality and (3.16) to evaluate

tn
IV 1 oll® < ORIz foll74n < OB T b 25 174 1t + CR* || 2% (¢ )7
n+1/2 n+1/21lr+1 Tmax ttllr+1 n+1/2)llr+1>
to get
_ + +,h +,h
I —N( “n+1/2° n+1/2’€n+1/2) N( Fnt1/20 n+1/2’£n+1/2) (3.40)
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o BEDPPCEICC? (| 1
ev*d7d/6

—d)
(3(d—1))4/3C 2 2 e 2, s 2
i 1V oI I 560 IVEE ol + e IV ol
C(e)h?r tns1
SN (e [ Nt + 1 i )

C(oh?
+ IV o (T / = N2 a4 12T (b))

We combine (3.23)-(3.33) and (3.40) to obtain the following bound for (3.23)

= ) h’|zn+1/2|2”€n+1/2”2

Bis

1 v~
?(”fnJﬂ”Q_HE?L:hHQ) +||V§n+1/2”2_ (||V§n+1/2”2+||v§n+1/2H )

(3.41)
Iv | .
IV 5 +sign(vT)VER, ol” =15 Va1 - IVET o2
( (d_l))Qd/3C3 dCI(CA, ) ,
< o diTe (H;) Bzt o€ ol
2(3—d - .
o) S T U LRl G i / i
64(ey*)3d7d/3 n+1/2 n+1/2 T . 41

ClOwH)h ity
+ DA (e [ I Bt 1 (o) 1)

Cle)(v)%h?r ( 3

tn+1 9 9
I (e [ N a4 1 g 2) )
n

—\2.-3 tnt1 tnt1 h2s+2
4 ) o ( / IV |12t + / ||Vztf||2dt>+7c(e)y*
tn

+

2
||pi(tn+1/2) 541

—
+ O [y s O [ 9
+C(Z)fl2TIIBo|2(7'31ax/ttn Iz 12 dt + (2% (tnga s2)1241)

+ ()72 I s P 12 1/2/ttn+1”W |?dt)
+ CO e ([ Vet 1 )

+ LIt (B [ N W+ i )

Now adding the two equations above, and summing over n from 0 to IV — 1 yields

- (s B2y

+er"11%) (3.42)

N-1
+20 (1-16¢) Y m (V€T HI2+ 1V I17)
n=1
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N-1
Cihzl ©37?2 _
< 3 (P )l P 6 M IP) + COF (h 122 | Bl ).
Here we impose the positivity conditions

CihZ} C3 7%
_( 1 €N—1+ 2€év_1)TN—1>O,

1—16¢ >0,

which imply the time step restrictions (3.19). The discrete Gronwall inequality [24, p.
369] applied to (3.42) gives

N—
(X" 17 + llen™ 1 Z (IVEL 2 IP+ 1€ 117 (3.43)

N—1
< Cexp (c 3 (thZ}l—FC;Z,%)Tn)F(hZ’" R2et2 4 IB?).
n=1

We use the triangle inequality, (2.6), (2.2), (3.16) and (3.43) to obtain

+ +,h + +,h
len® < 2068 17+ 2y 1* < 2065 " 12+ CR 112511120 1 (3.44)
and
N-1 N-1
* + * +
Y Tl V(e +e) /202 <2 3 m(IVEED o IP + IViE, o)
n=1 n=1
N-—1

< o* ZTnHanH/QHQ‘f’CV hQTTn (H%H/g Zi(tn+1/2)H%+1+H2i(tn+1/2)||72n+1)
1

N-1
2 2r (4 2 2
< * Z Tn||v§n+1/2|| +Cv*h T(Tmax||zi||2,'r+l + |Hzi|||2,r+1,1/2)~

Finally, we apply (2.6), (2.2) in (3.44) and use (3.42) to derive (3.20). O

4. Time Adaptivity. To construct the time adaptive mechanism for the fully-
coupled implicit monolithic method (1.4) with the BE partitioned iteration (1.6) (PIM
algorithm), we estimate its local truncation error (LTE) by the fully-explicit two-step
AB2-like scheme! and adopt the improved time step controller proposed in [22] to
adjust time steps. he AB2-like scheme for the ordinary differential equation y' = f(¢,y)
is

AB2—1ike tnp1—tn

s yn+2(tn—1/2_tn—3/2)

(b1 +tn—2t,_3/2)9"  (tn_1/2,Un-1/2) (4.1)

—(tni1+Htn—2t—1/2)9" (t—3/2,Un—3/2) |,

where ¢"*(t,,_1/2,yn_1/2) and ¢"%(t,_3/2,9,_3/2) are calculated by the midpoint

rule at time step t,, t,—1 respectively, i.e.

Yn —Yn—1 Mid(

) Yn—1—Yn—2
9" (th—1/2,Un—1/2) = %, 9 e SRee
n—1

n—3/2:Yn— 3/2) [
n—

IThe derivation of scheme is similar to that of two-step Adam-Bashforth (AB2) scheme, hence
we call it AB2-like scheme.

18



From (4.1), we see that yfl]fflike is certain interpolant of the previous three midpoint

rule solutions {yn,Yn—1,Yn—2}. Hence, the AB2-like scheme (4.1) is fully explicit. We
refer to [8] for the derivation of the explicit AB2-like scheme (4.1) and the following
estimator of LTE T, 1 of the midpoint rule by AB2-like scheme

ol 1/24 Mid AB2—1ik
Tnt1 ZM(yn+l_ )

R(n):i[2+i<1+ 1 )(1+L>+i<1+i+l 1 i):|7

12 Tn 2Tn—1 2Tn, 2Tn Tn 2Tn—1Tn

and 7, = kp/kn—1 is ratio of time step. The AB2-like solutions for the MHD system
in Elséisser variables (1.3) at time ¢,,41 is

+ ,AB2—1ik + tpt1—t E ok 1
JEMB2-like b, tntlTln [tl—i—t—Zt_ Zn a1 4.2
s " Z(tnfl/Q_tnf?)/Q) (Tl-‘r " " 3/2) kn—1 ( )
+ +
2= —zF
_(tn+1+tn_2tn71/2) . /i . 2}7
n—2

where {zf,zf_l,zf_g} are three previous solutions by the PIM algorithm in (1.4).
The corresponding estimator of LTE for the PIM algorithm (1.4) is

Tpi1 = maX{ 11/24]|2,5, 1 — Z:#Af%hken |1/24][| 7574 — Z;%Af?liken } (4.3)
RO —1/24([[ =5 ] R —1/24 |27, |

The improved time step controller is

kn+1 =k -min {1.5,max {0.2, H(T01/||T\n+1 ) 5 }}, (4.4)

where k € (0,1] is the safety factor and Tol is the required tolerance for the LTE. The
step controller in (4.4) increases the step size if the estimator for LTE fn+1 is small
with respect to Tol for efficiency. Meanwhile the controller bounds ky,41 between
0.2k, and 1.5k, for the robustness of computing. We summarize the time adaptivity
mechanism in the following algorithm.
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Algorithm 1: Adaptivity of the PIM algorithm (1.4)

Input: tolerance Tol, previous solutions zﬁ,zfﬁl,ziQ by the PIM

algorithm in (1.4), current time step k,, two previous time step
kn—1,kn—_o, safety factor k, ;
compute the current solution z,fjrpll " and pf 1 by the refactorization process ;
compute the AB2-like solution zf_;_Afz_like by (4.2) ;
use ky,kn_1,kn_o to update 7,71 ;

compute fn_H by (4.3) ; // relative estimator
if 7,,.1 < Tol then
z,i_l <:zn1_’,_P1IM ; // accept the result
kpt1 <=ky -min {1.5,max{0.2,n(£—°1)1/3}} ; // adjust step by (4.4)
n+1
else

// adjust current step to recompute
. Tol \1/3 .
i kn<:kn-mln{1.5,max{0.2,n(ﬁ) }} ;

5. Numerical Tests. For all numerical tests, we use Taylor-Hood (P2 —P1) finite
element space for spacial discretization and software Freefem++ for programming. We
apply the PIM algorithm (1.4) to all numerical tests in this section and compare it
with other three commonly-used algorithms:

The first-order,backward-Euler/forward-Euler (BEFE) method

+
Z”"r;zgq: (BoV) 2t 1+ (2 V)2 —v T AZE  — v AT +VpE =0, (5.1)
V. zf_i_l =0.
The fully-implicit BE method with BEFE iteration (BEFE-Ite)
Tyl + + + - +
T:F(BQ-V)an—i-(zi+1-V)zn+1—v+Azn+l—y AzF  +Vpr, =0,
V- szH =0,
(5.2)
where BEFE iteration is
My~ + + + +
T:F (Bo'V)z(k) + (2(2271) ~V)z(k) 71/+Az(k) —v Aszil)Jer(k) =0,
V. z(j;) =0.
The constant time-stepping second order BDF2-AB2 method [30]
+ + +
32n+1_472—n o F (BorV) 2y + (22 = 27_1)-V) 7
vt AzZE v A(22T — 27 ) + VpE, =0, 5.3)
V2 =0,

20



where 7 > 0 is the constant time step size. The stopping criterion for the k-th iteration
in (1.6) and (5.2)

=) — /112 | < o,

where Tol is the required tolerance.

5.1. Electrically Conducted 2D Traveling Wave. In this section we verify
the rate of convergence of constant time-stepping PIM algorithm on an electrically
conducted two-dimensional traveling wave problem [40] on the domain £ =[0.5,1.5]%.
The exact solutions (in Elsédsser variables) are

. _8r2y v

o 3 4+ Lcos(2m(z —t))sin(2m(z —t))e 82 tt L(y+1)2evm?t

—Zsin(2m(z —t))cos(2m(z —t))e 8™ Vi + %(m—i— 1)2evmt
2

e %—l—%cos(271'(3c—t))sin(271'(ac—75))@7872r vt L(y+1)2evmt (5.4)
—2sin(2m(z —t)) cos(2m(z —1))e 8™Vt — L (x+1)%em?
1

P=-5 (cos(4m(z —t)) + cos(4n(y —t)))6716”2”t.

We set v = v, = 2.5 x 1074, the time step At = h, and the required tolerance Tol =
1.e — 6 for iterations at each time step. We test over three values of B,: (0,0), (1,1),
(10,10), and simulate the problem over time interval [0,1]. The initial conditions
and boundary conditions are given by exact solutions. The results are presented in
Tables 5.1 to 5.3.

PIM algorithm

At=h |zF—2T"|wo Rate [z~ —27"|wo0 Rate Average iteration
1/16 1.6803e — 2 2.5740e — 2 9.31
1/32 2.2706e — 3 2.8876 5.9990e — 3 2.1012 6.19
1/64 5.3284e —4 2.0913 1.4732e -3 2.0258 4.12
1/128 1.3197e -4 2.0135 3.6695e — 4 2.0053 3.02
BDF2-AB2 algorithm
At=h |zT—2""wo0 Rate |z~ —2""|wo Rate
1/16 4.2726e —2 6.5633e — 2
1/32 1.0623e — 2 2.0079 2.2256e — 2 1.5602

1/64 9.7834e -3 0.1188 7.9360e — 3 1.4877
1/128 5.0295e -3 0.9600 3.2317e -3 1.2961

Table 5.1: Error and rate of convergence with B, = (0,0)
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Fig. 5.1: Log-log plot of the errors as a function of time step At.
PIM algorithm
At=h |[zT—2z""x0 Rate |z —27"|wo Rate Average iteration
1/16 1.0656e — 2 1.5860e — 2 9.44
1/32 2.0089¢ — 3 2.4072 3.3290e — 3 2.2523 6.09
1/64 5.1407e — 4 1.9663 7.9070e — 4 2.0739 4.05
1/128 1.2962¢ — 4 1.9877 1.9466e — 4 2.0739 3.01
BDF2-AB2 algorithm
At=h |zt —2P"|w0 Rate |27 —2""0 Rate
1/16 2.5927e — 2 4.0365¢ —2
1/32 5.1292e — 3 2.3376 1.0111le—2 1.9972
1/64 1.2879¢ — 3 1.9937 2.4751e—3 2.0304
1/128 3.2148e — 4 2.0023 6.0824e — 4 2.0247
Table 5.2: Error and rate of convergence with B, = (1,1)
107" 107"
2 102 2 102
+T: +r‘§
= 109 “ 10
—e—BEFE
——BDF2-AB2
—=—PIM
4
10?0‘3 107! 10 103 102 107!
At

Fig. 5.2: Log-log plot of the errors as a function of time step At.
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PIM algorithm

At=h |zT—2""wo0 Rate [z~ —2""|wo Rate Average iteration
1/16 4.0128e -3 3.7020e — 3 7.00

1/32 1.0391e -3 2.0952 1.0789e -3 2.1519 9.91

1/64 3.6672e —4 2.2101 3.5414e—4 2.1153 3.75

1/128 1.1268e — 4 1.9066 1.1073e -4 1.8706 3.02

BDF2-AB2 algorithm
At=h |zT—2""|wo Rate |27 —2""|x0 Rate

1/16 7.2273e—3 5.6705e — 3
1/32 1.0877e -3 2.7322 1.0801e—3 2.3923
1/64 1.9431e -4 2.4849 2.2144e -4 2.2862

1/128 4.7211e—5 2.0412 5.5349%¢ — 5 2.0003

Table 5.3: Error and rate of convergence with B, = (10,10)

10 10?2
2 2
—10° —10°
il il
| |
+ +
s =2
10*} —e—BEFE 10
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At At

Fig. 5.3: Log-log plot of the errors as a function of time step At.

5.2. Hartmann Flows Problem. The 2D Hartmann Flows problem on the
domain ©Q = [0, L] x [-1,1] has the following exact solutions

u:(ul(y)70)v B:(bl(y)’M)’ BO:(()?M)

B G cosh(y- Ha)
u(y) = y~Ha~tanh(Ha)( ~ cosh(Ha)
) =5 (T ), e = —Ga— 3 S8)

where M > 0 is the parameter of external magnetic field, Ha > 0 is the Hartmann
number and L,G,S > 0 are other parameters of the problems. We first verify the
convergence rate of PIM algorithm by setting L =6, G =5 =1, Ha =5 and required
tolerance Tol = 1.e —6. We simulate the problem by the constant time-stepping PIM
algorithm with four values of B,: (0,1), (0,10), (0,100), (0,1000) over time interval
[0,1].
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B, =(0,1)

At=h |zT—2""wo0 Rate [z~ —2""|wo Rate Average iteration
1/16 3.5146e -3 3.5166e — 3 2.87
1/32 4.2923e — 4 3.0336 4.2927e —4 3.0343 2
1/64 5.1377e—5 3.0625 5.1377e—5 3.0627 1.37
1/128 5.7723e -5 3.2866 6.0922¢ — 5 3.3215 1
B, = (0,10)
At=h |zF—2""|wo Rate |2~ —27"|wo0 Rate Average iteration
1/16 8.8998e — 3 8.9317e¢ -3 3
1/32 7.8380e —4 3.5052 7.8431e—4 3.5094 2
1/64 6.7809e — 5 3.5309 6.7806e — 5 3.5319 1.89
1/128 6.8948e — 6 3.2979 6.8948e — 6 3.2978 1
B, = (0,100
At=h |zT—2T"|wo Rate [z~ —2""|wo0 Rate Average iteration
1/16 3.585be —2 3.5794e — 2 3.07
1/32 4.9008e — 3 2.8711 4.9041e -3 2.8676 2.19
1/64 4.4118e—4 3.4736 4.4140e — 4 3.4738 2
1/128 3.1643e—5 3.8014 3.1652e — 5 3.8017 2
B, = (0,1000)
At=h |z —2""|wo Rate |2~ —2""|w0 Rate Average iteration
1/16 6.5272e — 2 6.5278e — 2 3
1/32 1.2988e — 2 2.3293 1.2982e —2 2.3301 3
1/64 2.0417e -3 2.6693 2.0417e -3 2.6686 2
1/128 2.5951le—4 2.9759 2.5959¢e —4 2.9755 2

Table 5.4: Error and rate of convergence for PIM
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