A SECOND-ORDER SYMPLECTIC METHOD FOR AN
ADVECTION-DIFFUSION-REACTION PROBLEM IN BIOSEPARATION *

FARJANA SIDDIQUAT AND CATALIN TRENCHEA?

Abstract. We analyze an advection-diffusion-reaction problem with non-homogeneous boundary conditions that models
the chromatography process, a vital stage in bioseparation. We prove stability and error estimates for both constant and
affine adsorption, using the symplectic one-step implicit midpoint method for time discretization and finite elements for spatial
discretization. In addition, we perform the stability analysis for the nonlinear, explicit adsorption in the continuous and semi-
discrete cases. For the nonlinear, explicit adsorption, we also complete the error analysis for the semi-discrete case, and prove
the existence of a solution for the fully discrete case. The numerical tests validate our theoretical results.
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1. Introduction. The global market for biopharmaceuticals is expanding fast and 50% of top 100
drugs will most likely be derived from biotechnology [2,21]. The high demand for biopharmaceuticals is due
to their effectiveness in treating various illnesses such as diabetes, anemia, cancer, etc. [38]. For example,
monoclonal antibodies [41], general products from bioseparation are very useful medications in treating
COVID-19 [1,3,4]. Other key factors driving the growth of the market are the rising investments in research
and development of novel treatments, favorable government regulations, and theh increasing adoption of
biopharmaceuticals by the global population [2]. To maximize the production capacity while minimizing
costs, manufacturers are constantly developing new methods. Integrating new technologies into existing
facilities is more economically viable than the alternative of constructing new biomanufacturing facilities,
due to financial risks. Upstream and downstream processes are typically part of a biomanufacturing facility.
In the upstream process, cells cultured by genetically engineered methods release the desired product into
a solution, and in the downstream process, the product is purified from the solution [19]. The capacity of
production is often limited by downstream purification, usually including chromatography. In the protein
chromatography process, when the solution is pushed through the column, the materials in columns separate
the proteins [51]. The ideal media for the chromatography columns used for bioseparation are resin beds,
monoliths, and membranes [50]. Membrane chromatography [11-13] addresses the low efficiency of resin
chromatography, and uses a porous, absorptive membrane as the packing medium instead of the small resin
beads. The protein binding capacity is crucial in membrane chromatography as it determines the volume
of membrane required for purification. Most absorption mechanisms, such as ion-exchange membranes, lose
the protein binding capacity at relatively low conductivity and often require additional processing stages,
causing lower yield and higher production costs. The recent research in [12] is focused on multimodal
membrane-based chromatography. The development of a modeling framework capable of characterizing the
chromatography process under continuous flow circumstances is critical. Inhere we model this process for
creating a simulation tool for transport in a porous medium by adopting the reactive transport (advection-
diffusion-reaction) problem in [51].

Let © be a bounded domain in R9, where d = 1, 2, or 3, see Figure 1.1, with piecewise smooth boundary
I". We partition the boundary into three non-overlapping parts I' = I';, UI', UT'o¢, where the inflow boundary
is Tiy = {z €T : 7 -u(z) < 0}, the outflow boundary is Tou = {z € T': 7 - u(z) > 0}, and the boundaries
comprising no-flow hydraulic zone(s) are I';, = I'\(I'i, U T'oys). Let u denote the fluid velocity through the
membrane, and 7 denote the unit outward normal to . We assume that u is given, computed by the Darcy
law [25], and satisfying the incompressibility condition V -u = 0, and u - W(m, t)=0, 2 €Ty, t>0. Let w
be the total porosity of the membrane (0 < w < 1), ps be the density of the membrane, D be the diffusion
tensor that represents the diffusivity of fluid through the membrane, C' and ¢(C) be the concentration in
the liquid and absorbed phases respectively. For a forcing function f € L2(0, T; L*(f)), given velocity u and
initial concentration Cy € L?(2), we consider the following initial boundary value problem of finding the
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concentration C(x,t):

wdC + (1 — w)ps0eq(C) + V - (uC) =V - (DVC) = f, 2 €Q, t >0,
(1.1) Cz,t)=g, x €Ty, t >0,
' (DVC) -7 (2,t) =0, 2 € Ty UT gy, t >0,
C(z,0) = Co(z), z €.

For the inflow boundary, we keep the concentration fixed [10,25].

Fin

Y

1—‘out

Fig. 1.1: Domain 2

We consider three cases of isotherms: (i) constant isotherm, ¢(C) = K, (ii) affine isotherm, ¢(C) =
K7 + K5C and (iii) nonlinear, explicit isotherm ¢(C). A typical example of the nonlinear, explicit isotherm
is Langmuir’s isotherm [13,48], ¢(C) = %, where K., is Langmuir equilibrium constant and ¢mqa
is the maximum binding capacity of the porous medium. The main result of this paper is second-order
accuracy by using the symplectic one-step implicit midpoint method for the time discretization, at the same
computational cost as the Backward Euler method. The accuracy comes in two ways, such as the rate of
convergence is higher and the mass is better conserved when the midpoint method is used. The fully discrete
formulation of the problem (1.1) is given in Section 3. We perform stability analysis and error analysis for
the nonlinear explicit ¢(C) in Section 4. We also prove the existence of a fully discrete solution, and complete
the stability analysis and error analysis for the constant and affine ¢(C) in Section 4. The numerical tests
validating these estimates are given in Section 5.

1.1. Previous work. The general advection-diffusion equation has been the subject of extensive math-
ematical study during the past decades [8,14,20,33-35]. The analysis and the numerical computations are
typically more difficult in the presence of reaction terms, especially nonlinear ones [43]. In [51], the author
considered the constant linear and nonlinear adsorptions, and analyzed the problem using the first-order
accurate backward Euler method for the time discretization, and the upwind Petrov-Galerkin (SUPG) finite
element for spatial discretization, with numerical validation for each of the a priori estimates.

2. Notation and Preliminaries. We denote the L?(Q2) norm and inner product by | - || and, (-,-)
respectively. We denote the usual Sobolev spaces W™P () with the associated norms || - ||ym.»(o) and in the

case when p = 2, we denote W™2(Q2) = H™(Q) = {v € L*(Q) : % € L*(Q), |a| < r} where « is a multi-
. 12
index, with norm ||v||, = (Zla‘g’r Ja Gan

1/2
Y dQ) . The function space for the liquid phase concentration
is defined as:

Hjp, () :={v:ve H(Q) with v =0 on Ijy}.
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We define the space H'/?(Ty,) := {g € L*(T}y) : gl er2r2(r,,) < oo} where

gl = nf (Gl q)-

cH(Q)

The Bochner space [5] norms are

T 2
1Cl 2 0,mx) = (/ ||C(-,t)|§(dt> , ICl Lo (0,7;x) = ess sup [|C(-,¢)]|x-
0 0<t<T
We also define the discrete LP-norms with p = 2 or oo

1C|L20,1,x) = Atz IC™1%),  IClleeo.r.x) = 02113<XN||C [lx-

For the Finite Element approximation, we consider a regular triangulation of , T, = {A} withQ = aer, A
We choose a finite dimensional subspace X" C H'(Q) and define

XO T = = {u, € X": v, =0on Tin}

with Q a polyhedron, X{'t. ~C Hjp (€). Let X* be the dual space of X/ , with norm |f]. =
SUPye xf . ”V—’;)” We denote bein as the restriction of functions in X" to the boundary T}, and define

X = {vh e x" v, = 0 on 0Q} with Q a polyhedron, X' ¢ H}(2). Throughout, K will denote a constant
taking different Values in different instances. We assume that there exists a k > 1 such that X" possesses
the approximation property,

(2.1) Cmf IC —Chlls < KR"=*|C|y, for s=0,1 and 1<r <k+1.
For example, (2.1) holds if X" consists of piecewise polynomials of degree < k. We assume that a similar
approximation holds on X[. In particular, if C € H"(Q) N H(Q), we will use

(2.2) inf ||C—Cyly < Kh™™ el
CrheXy

We further assume that the space X{lm possesses the approximation property

(2:3) o, Inf IIC Cillo,ry, < KR V2Ol 2,

in —
h

LEMMA 2.1. For allv € H&F(Q), there exists a constant Kpp such that

[vll1 < Kpp|Voll.

Proof. This is the direct consequence of the Poincaré inequality that holds for v € Hjp, (€2) [27]. o
LEMMA 2.2. (See [36, p.154]) Let P and P* be the orthogonal projections with respect to the L* inner
product (u,v) and H' inner product (Vu, Vv), respectively. Then, for any w € X,
VPxnw = Py yn Vw.

LEMMA 2.3. Given g € H"=Y2(Ty,) for v > 1, let g denote the X{fm—interpolant of g. Then, if X"
satisfies the approzimation properties (2.1)-(2.3),

exh

(2.4) inf [|C = Chlli < Kh7TH|C,
Ch

Chlr;,=The



Proof. This proof follows the proof of [29, Lemma 4],given here for the reader’s convenience. Let II,C
denote X"-interpolant of C' and IIj,g denote X{im— interpolant of g. Then, for Cp|r,, = Il;g, we write the
triangle inequality

(2.5) |C — Chlly < ||C = TLC1 + ||Ch — TLC 1.

From the interpolation theory [15] we get

(2.6) IC ~Clls < Khr=YCl
We may choose C, so that it has the same value at all interior nodes as does IT,C. Since Cy|r,, = ITg and
(I1,C) L= Il,g, we obtain (C, — I1,C) = 0, which concludes the argument. |

in

2.1. Assumptions and preliminary results. We use the following subset of assumptions considered
in [51]:
(F1) w and p; are constants in time and space [25].
(F2) u is nonzero and bounded in L* norm [18,44].
(F3

F 2]

) D(z) = [dijli,j=1,2,- n is symmetric positive definite and [[Dlloc < B1, |55-dij| < Po, for all 4,5
[7,18,25,44).
(F4) There exists a unique solution C' € L*°(0,T, L*(Q)) N L(0, T, H(£2)) [44].
(F5) q = q(C) € C! is an explicit, Lipschitz continuous function of C, ¢(0) = 0, ¢(C) > 0 for C > 0 and
q(C) is strictly increasing. Moreover, we assume that ¢'(C) > k1 > 0 VC > 0 [9, 24,25, 42-44].
(F6) The rate of increase in adsorption is Lipschitz continuous and bounded above so that j—g =¢(C) <
K2 [25]
(F7) The second derivative of the adsorption, ¢”(C), is Lipschitz continuous and bounded.
Remark 2.4. In our analysis, we drop the assumption “C/(z,t) is nondecreasing in time at every z and
C(z,t) = 0 on T';,” stated in [51]. Instead, we considered the non-homogeneous boundary condition at the
inflow boundary.

In [9,24, 25,44, 51], another assumption on the continuous and the discrete solution was imposed, namely
that “C is non-negative”. Using a maximum principle argument, we now prove that the continuous solution
is positive and bounded above for all (z,t) € Q x (0,T).

PROPOSITION 2.5. Assuming no forcing term f = 0 and the positivity of the initial condition 0 < Cy(x),
we have that

0<C(z,t) < Iglea%{C(x,O),g(a:)} for all (z,t) € Q@ x [0,T).

Proof. From the incompressibility condition we have
V-uC)=(V-u)C+u-VC=u-VC,

If we rewrite the adsorption term as

d¢ oqoC ,  0OC

9t aC ot q'( )Ev
then the equation (1.1) becomes
(2.7) (w+ (1 -w)psd' (C)KC +u-VC -V - (DVC)=f, 2€Q, t>0.
Since ¢'(C) > 0 by assumption (F5), we can divide (2.7) by (w + (1 — w)psq'(C)). Hence, assuming f = 0,
(2.7) writes,

n o 92C
—0C+ Y (Wt (1= w)pad (C) " Dig) 55—
T J

7,j=1
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n

8D¢j —Uj)> oC —0.

£y ((w + (1 —w)psq'(C))7H( 9z, ox;

Jj=1

Suppose the claim in the proposition is false. Then there is a y € Q and T > 0 such that C(y,T) = 0 and
C(xz,t) > 0 for (z,t) € Q % [0,T). Therefore, by the Maximum Principle [40, pages 173-174], the maximum
of C(x,t) is on the boundary and (DVC) - 7/ (x,t) < 0. This contradicts the boundary condition in (1.1),
which concludes the argument. ]

3. Variational Formulation. Let P be the orthogonal projection on H!(Q) with respect to the L?
inner product (u,v). The standard Galerkin variational formulation for the transport problem (1.1) is: Find

C € H*(Q) such that C L =9 and

in

0 (WC + (1 —w)psP(g(C))),v) + (u- VC,v)+(DVC,Vv) = (f,v), Vv e H&Fm(Q).

(3.1) (5

Next, we write a finite element approximation for (1.1).

3.1. Semi-Discrete in Space Approximation. Let P, be the orthogonal projection on X"(Q) with
respect to the L? inner product (u,v), and g, = II,g an interpolant of g. Then we obtain the following

semi-discrete in-space formulation: Find C), € X" such that C}, =gp and V vy, € X&Fin (),

in

(3.2) (%(wCh + (1 - w)pSPh(q(Ch))), ’Uh) + (u . VCh,vh)Jr(DVCh, Vvh) = (f, ’Uh).

3.2. Fully-discrete approximation. We partition the time interval as tg =0 <t; <te <--- <ty =
T. Let At = t,41 —t, be the uniform time step size, t, = nAt, t,11/2 = %, and f"(z) = f(z,t,). We
also denote by C}'(z) the Finite Element approximation to C(x,t,).
For time discretization of (3.2) we use the refactorization of the midpoint method [17]: Given C' € X",
find C;'t' € X" such that C}'t'| = g, satisfying
r

Step 1: Backward Euler method approximating the (3.2) on time interval [t,,,41/2], ¥V vn € X&Fm (Q),

g(C %) —q(op)

n+1/2 n+1/2
NG Jon) + (0 VO gy 1 (DVCTT? W)

(3-3) ((w+ (1 =w)ps)

= (fn+1/2a ’Uh)-

Step 2: Forward Euler method on time interval [t, 11 /2, tni1], V vn € X&F Q)

in

g(Cpthy — g(Cp )
At/2

(3.4) (w+ (1 —w)ps) Jop) + (- VO o)+ (DVCTTY? W)

_ (fn+1/27vh)~

Remark 3.1. Step 2 is equivalent to a linear extrapolation C’,:"H = QC’ZH/ 2 cp.

3.3. Time-integrated finite element formulation. For the error analysis of the case of a nonlinear,
explicit adsorption, we use a time-integrated version of the transport equation introduced in [39] and applied
in different formulations [6,44,52]. To develop the time-integrated finite element discretization, we rewrite
(1.1) by integrating in time to obtain

t t t
(3.5) wC’Jr(lfw)psq(C)Jr/ u.vcdtuv./ DVCdt’:/ fdt' +wCo + (1 — w)a(Co).
0 0 0
5



Testing (3.5) by v € Hj . (Q) we get,

(wC,v) + (1 —w)psq(C),v) + (/ u-VQodt',v) — (V- / DV Cdt',v)

(3.6) , 0 0

= ([ fdt )+ o) + (1~ )a(Co).v).
0

Then the semi-discrete in space variational formulation is: Find Cj, € X b such that Cj, = gp and

|Fin
t t

(3.7) (wCh,vh)+((17w)psq(Ch),vh)+(/ u-VChdt’,vh)f(V-/ DVCydt’, )
0 0

= (/0 fdt/avh) + (WCO7Uh) + ((1 - w)q(CO)?Uh)v Yup, € X&Fi"(Q).

Next, the fully discrete variational formulation using the midpoint time discretization can be written as:
Given CF € X", find C;'""' € X" such that C’,’LLH’F_ = g, and

N N
(3.8) (WONHY ) + (1= w)psg(CR 1) on) + (O - VO 0 — (V-3 DVCIH2 )
n=0 n=0
N
= (Y /2 0) + (wCo,vm) + (1= w)q(Co),vn), Vo € Xip, ().
n=0

4. Time-Dependent Analysis. In this section, we first construct é’, a continuous extension of the
Dirichlet data ¢ inside the domain 2, to deal with the non-homogeneous boundary condition. Then we
perform the stability and error analysis for the time-dependent problem.

4.1. Construction of C. Denote C as the solution of the following elliptic problem with nonhomoge-

neous mixed boundary conditions:

(4.1) ~V-(DVC)+C =0, €,

C:g, if x GFin,
(DVC) -7 =0, if 2 € Ty UTqy.

LEMMA 4.1. For every f € L2(Q) and every g € HY/2(D;,), there exists a unique solution C' € H?(Q)
of (4.1) under the compatibility condition DV g - W =0ifzeliNT, such that

A A 2(Kp1)°
(4.2) IC1* < 4KB) 9lZa e,y IVOIP < == lgllZ=r..)-

Proof. The existence and uniqueness proof for the more general case can be found in [31, Theorem
2.4.2.7]. d

LEMMA 4.2. Let the domain Q be a convex polyhedral. Given g" € X{l’m, there exists a C" € X" such
that CPr— = g" and || () < Klg"[|maro)-

Proof. When Q is two-dimensional, we use a similar technique to [32]. Under the compatibility condition
DVgh = 0, when xz € I';, N Ty, let Ce Hl(Q) be the solution of
(4.3) -V.(DVC)+C =0, z€Q,

C = gh7 when z € I'y,,
(DVC) -7 =0, if 2 € Ty UTqu.
6



Since X" is assumed to be a continuous finite element subspace, we see that ¢” is continuous and piecewise

smooth along the boundary Ty, so that ¢" € H1/2+6(Fin) for 0 < e < % Thus, by elliptic regularity, we
derive that C' € H'*¢(Q) and ||C||14. < Kllg"l1/24er,, for 0 < e < 1. Let Ch .= I1;,C be the X" -interpolant

of C' so that CA'h|piH = g". Then, we have the estimates ||C' — IT,C||; < Kh¢||C||14 which can be proven as
in, e.g., [26]. Thus, we get

IC 1y = ITaClly < 1€ =T Cll + (Il < KB |Cll1se + I1Cl11) < Kllg" 12,1

where in the last step we used an inverse assumption on Xl'im: there exists a constant K, independent of h,
p" such that
Ip"[[s,0in < KB'*|p"le,r,, VP" € X7, 0<t<s <1

Since the usual interpolant used in the two-dimensional case is not defined in three dimensions for H" (2)-
functions, r < 5 , we use the Scott-Zhang interpolant [23] when € is three-dimensional. The Scott-Zhang
interpolant is Well defined for any function in H(€2) [46]. d

Next, we start with the numerical analysis for the nonlinear, explicit isotherm.

4.2. Nonlinear, Explicit Isotherm. We consider the variational formulation (3.1), the semi-discrete
in-space formulation (3.2), and the fully discrete formulation given in Subsection 3.2. First, we show a total
mass balance balance relation for this nonlinear explicit isotherm. Unlike the [51], we dropped the assumption
“C(x,t) is nondecreasing in time at every 2” and considered non- homogeneoub boundary conditions at inflow
boundary. We denote the antiderivative of the isotherm by Q(« fo s)ds, and

t t N
glt) = ?ﬁ/ IDY2vC — §D*1/26A'u||2 dr + ?L"/ |DY2vC — wD*”uH? dr
4 0 3 4 0 3w

t R t 1— (A .
+ 3—”/ IDV2vC - Ep-12w e dr + ?ﬂ/ ip12ve - St (©) gz g,

+ [wC(t) + (1 — w)psq(C (1) — 2(wC + (1 — w)psq(C))]1?,

also
t t A N t .
B(t) = 31’/ \|§D_1/2C'u||2 dr+3—w/ ||WD_1/2uH2 dr+3—w/ I2p-eve? ar
4 0 3(.4} 4 0 3
/ | 2= pa(C) ) DRI dr + C(0) + (1 — )pg(C(0)) — 20 + (1 — w)pua( )]

THEOREM 4.3. Assume that (F1)-(F6) are satisfied, f € L*(0,T; L*(Q)), the variational problem (3.1)
has a solution C € L>(0,T,L2(Q)) N L2(0,T, H'(Q)), and let C be solution of (4.1). Then the following
total mass balance relation holds:

lwC(t) + (1 — w)psq(C ||2+w/ |DY2wC(r)||? dr + 4(1 — w)p // N(DY2VC(r))?dQdr

(4.4)
+4(1 - w)p / /OQ w7 )dr+2w/ / C2(u-7)ds) dr +£(1)

ouf

— wCo + (1 — w)pag(Co) 2 + 4 / (£.w0C + (1 - )psa(C) — (@C + (1 — w)pag(C))) dr

—2(;.)/(:(/F g2(u-ﬁ>)ds)dr—4(1—w / /Q (u- n)ds)dr—i—B()

in



Proof. Let C' € H'(Q) such that C| = g. We test (4.1) with v = (WC 4 (1 — w)psq(C)) — (WC + (1 —

in

w)psq(C)) € H(%.,F;n (©). By using the divergence theorem and the boundary conditions, we get

(u-VCwC + (1 —w)psq(C)) = %/ GPu-m)ds + = / C?(u-7)ds

ln Ouf

(4.5) / Qlg)(u-)ds + (1 —w)p / Q(C )ds

out

and
w(DVC,VC) + (1 —w)ps(¢ (C)DVC,VC) = w(DY?VC, D2V ) + (1 — w)ps(¢' (C)DY?VC, DV2Vv ()
— DIV + (1w, [ (©)DVAVO)
Q

Next, we move the terms involving C to the right-hand side terms, and express them as follows

(u-VC,wC) = (D1/2VC D 1/2Cu)
8 A 3w 8 A
_ %12 2, W S H_1/2 2 W12 _ S H-1/2 2
16||D vC| +16||3D Cul| 16HD \Y& 3D Cull?,
and
(u~VC (1—w)psa(C))
||D1/2VCH2 3W||805(](C)(1 —w) D_l/QuHQ o 3—w||D1/2VC’ _ 8psq(C)(1 _w)D_l/QuHQ.
16 3w 16 3w
Similarly,
A 3w 3w, 8 A 3w 8 R
D _ = D1/2 2 et *D71/2 2 v D1/2 7*D71/2 2
W(DVC,VE) = 2 |DVAVC|? + 22D AV C R - S DAY C - SD AV,
and

(DVC, (1 —w)psq (C)VC)

3w, 8(1-w)pd'(C) -

R 1— '(C A
= I . 12962 - %HDUQVC _ wp—lﬂvcw
w

= X pive) +
3w

Finally, we express the term involving the time derivative as

(16) (O + (1= @)l C))oC+ (1= (€ ) = SO+ (1= @)pualC).oC + (1= Dput(C).
Combining (4.5)-(4.6), we get

35190+ (=) + {IDVCP + 5 [ Ca-Ttas

+(1—wps [ QO)(u-T)ds+ (1 —w)ps /Q ¢ (C)(D'?VC)? d + \|D1/2VC *1/2éu||2
- —‘6”||D1/2vc - Spsq(é)f“’)DWuH2 - ?%IIDl/?VC - gD’l/QVC*HQ

1— '(C A
+ 37w||D1/2VC _ 8( w)psq (C) D—1/2vcH2
16 3w
3w, 8

D

= (fwC + (1 —w)psq(C) — (wC + (1 — w)psq(C))) +
8



3w 3w 8 2, 3w 8(1—w)psq' (C
+ 176” D—1/2u||2 ||7 1/2VC||2 + = ( )10 q ( )

I
16 3w
— ;/Fm g*(u-)ds — (1 —w)p, /Fm Q(g)(u-7)ds + %(wC’ + (1 — w)psq(C),wC + (1 —w)psq(C)).

8psq(C)(1 — w)

D 2v |2
3w H

Integration on [0,¢] and the polarized identity yields (4.4). d
A direct consequence of Theorem 4.3 is the following stability bound.

THEOREM 4.4. Assume that (F1)-(F6) are satisfied and the variational formulation given by (3.1) has a
solution C' € L>(0,T, L2(Q)) N L2(0,T, H*(Q)) with f € L*(0,T; L%(2)). Let C be the continuous extension
of the Dirichlet data g inside the domain Q and satisﬁes (4.1). The bounds on ||C||? and |[VC|]? are given
n (4.2). Let the antiderivative be A(C fo sq'(s)ds. Then we get the following bound:

jcwi+ 2 [ o -wpacanies 2 [vemr a2 [ ([ (o ) ar

out

/ Il oy g (24 422 / (e ar- 2 /Ot( [ (@ as) ar

SK?2 16(w? + (1 —w pi[(2 A 4
ajow)+ er / 1917 ar + U2 P oz 2 (g, acc(o)an
0 w wJa

Proof. See [47, Theorem 18]. O

Remark 4.5. We note that in the case of Langmuir’s isotherm, the antiderivative is

1
A(C(t)) =In(1+C) + IC + constant.

Next, we turn to the stability of the semidiscrete in space approximations in (3.2), and denote:

= [ Platsnas

3w ! 8 124 3w [ 8psP(q(Cp))(1 —w)
gh(t):I/O HDl/QVCh_gD 1/2Chu||2 d,r,_"_z/o ||D1/2VCh_ P (C]( 3::))( )D 1/2uH2 dr

3w [* 8 .
+ Zw/o |DY?w ey, — gD*lﬂvchn2 dr

t _ Ld(C .
+ ?ZTW/ ||D1/2VCh _ 8(1 W)P;f (¢ (Ch))D—1/2VCh”2 dr
0

+ [[wCh(8) + (1 = w)psP(a(Ci (1)) = 2(wCh + (1 = w)psP(a(Ch))|1%,

and

3w
/ ” 1/2Véh||2 dr + ?ZTW /Ot H 8(1 — w)f;sfl(q/(é))Dl/2Véh”2 dr
+[[wC(0) + (1 = w)psP(g(C(0))) = 2(wCh + (1 = w)psPa(Cu)D 1%

t t 5
R P 1-— _
By(t) = 3w / H§D’1/20u||2 dr + —35/ ||8p' (a(Cn))( ‘“)D 12|12 dr
0

THEOREM 4.6. Assume that (F'1)-(F6) are satisfied, Cp, solves the semi-discrete in space Finite Element
formulation with nonlinear adsorption (3.2), f € L*(0,T; L*(R)), C is the solution of (4.1), Qn(a) >0, and
P (Cr)) > 0. The following total mass balance relation holds:

¢
oG (t) + (1 = w)psP(a(Cu()))II* + W/ IDY2V Gy (r) | dr
0

9



+4(1 — w)ps /Ot (/QPl(q’(Ch(r)))(Dl/QVCh(r))QdQ) dr

+4(1—w)p5/0t< [ QCy(r))(u-7)ds ) dr+2w/ / CR(u- 7)ds) dr + £4(1)

= [wC(0) + (1 — w)psP(a(Cr(0)))I* + 4/0 (f,wCh + (1 = w)psP(4(Ch)) = (WCh + (1 = w)psP(a(Ch)))) dr

+Bh(t)—2w/0t(/F gi(u-ﬁ)ds)dr—le—w / /Qgh )dr.

in

Proof. Let C), € X"(9Q) such that Ch‘ = gj, be the interpolant given in Lemma 4.2, and P, P! be the

orthogonal projections with respect to the L? and H' inner products , respectively. Then we test (3.2) with
on = (@Ch + (1 = w)psP(@(Ch))) — (@Ch + (1 — w)p, P(a(Ch))) € XLp, () to obtain
(47) (%wch + (1= w)p,a(Ch)),wCh + (1 = w)p,Pa(Ch)))
+ (u- VO, wC, + (1 — w)psP(q(Ch))) + w(DVCh, VCh) +
= (f,wCh + (1 = w)psP(g(Ch)) — (wCh + (1 — w)psP(g ( W)
£ (2 6+ (1= )paa(On), (@Cr+ (1~ ) Pa(CL)))
+ (u- VC, (wCh + (1 = w)psP(q(Ch)))) + w(DVCh, VCi) + (1 = w)po(DVCh, P (¢ (Cr)VCy)).

(1 = w)ps(DVCh, PH(¢'(Ch)VCh))

We rewrite the first term in the left hand side as

(18) (o wCht (1~ w)paa(Ch), wCh + (1= w)pPla(C)) = 3 2 wCh+ (1~ w)pPla(C)I”
Following the technique used in Theorem 4.3 we get

(4.9) (u- VCh,wCh + (1 —w)psP(q(Ch)))

h
w -
= 3/ gh(u 7 )ds + C2(u- 7 )ds

(1-w)p / Qn(gn)(u-)ds + (1 —w / Qn(Cy)(u-77)ds,

out

and
(4.10) Ww(DVCy, VC) + (1 —w)psPHd (CL)DVC, V)
— | DV + (1 - w)p, / PU (C)(DY2VC)?
Q

Also, the terms on the right-hand side write as

A 3 3w, 8 S 3 8 .
(4.11)  (u- VO, wCh) = %HDVQVC;LHQ + i’n DY2Cu? - T‘gnpmvch — gD CpulP,

and
(U~V0h,(1*w) P(q(Ch)))

3w, 8psP(qg(Crh))(1 —w) 3w 8psP(q(Cr))(1 —w)
||D1/2VC H2 6” P ( (3::))( )D 1/2uH27E”D1/2V0h7 P ( (SZJ))( )D 1/211||2.

Moreover,

(4.12) w(DVCy,, VCy)
10



3 3w 8 ; 3 8 ;
- Tz”Dl/QVChHQ + %HgD*WVChH2 - %IIDWVCh — gD VG,

(4.13) (DVCh, (1 —w)psPHq (Ch)VCh)
_ 37“ 1/2 2 37‘*’ 8(1 —W)Pspl(q/(éh)) —1/2x7 A (|2
= SIDAVCE + | 2 DIEVG,|
_ 1/ .00 .
S—WHDl/QVCh _ 8(1 —w)psP (g (Ch))D—l/2VChH27
16 3w
and
0 N .
(4.14) (a(wh + (1 — w)psa(Ch)), wCh + (1 — w)pSP(q(Ch))>

= £ WO+ (1= )psa(Ch), wCi + (1~ ) Pa(Ch).

Combining (4.8)-(4.14) and integrating both sides from 0 to ¢, we obtain
1 t
S0+ - PacoN? +2 [vemiar+ s [( [ cimas)

+(1-w / / Qu(Cr(r))(u-)ds dr + (1 —w / /P "(Ch(M))(DY2V Cy(r))? d2 dr

SPSP(Q(Ch))(l —w

o )D_1/2u||2 dr

3w 8 A W
76/0 | DYV C(r) — gD—l/?c*huu2 dr + TG/O | DYV C(r) —

3w [* 8 .
?/ |DY2VCy(r) ~ 5DV G dr
0

3w [* 8(1 — w)psPHG (Ch)) .
E/0 HD1/2VC}L(T)* ( w)p?)w (Q( h))D 1/2VCh||2 dr

t
= [0+ (1= PlaO) ~ WG+ (- Pl @) dr + 52 [ 15D 2Chuiar
ﬂ/ ngsP(Q(Oh))(l _W)D—1/2u|2dr+3]’-(g/0 ||§D_1/2Véh”2 dr

/ H Pl (Ch”D*/?véhn?dw1chh<o>+<1—w>ps7><q<ch<o>>>||2

_5/0 (/ gi(u- n)ds) dr —(1-w / - Qn(gn)(u- n)ds) dr

in

+ (WCK(E) + (1 — w)psq(Ch(t), wCh + (1 — w)psP(q(Ch)))
— (WCH(0) + (1 — w)psa(Ch(0)), wCh + (1 — w)psP(q(Ch))).

Writing the last two terms as

(WO (1) + (1 = w)psq(Ch(t)),wCh + (1 — w)psP(q(Ch)))
= @) + (1= @)psa(Cu)I? + {I26C + (1= w)pPla(C)P
— LIO(E) + (1 = ©)pa(Ch(D) — 2wCi + (1= @), Pla(CI

and

— (WCH(0) + (1 = w)psg(C10)), wCh + (1 = w)psP(a(Ch)))

= —21@CH0) + (1~ w)pua(CuO)I = F12Cr + (1~ @), Pa(C)I
11



1 A N
+ ZHWCh(O) + (1= w)psg(Cr(0)) = 2(wCh + (1 — w)psP(g(Ch))II?,
yields the claimed result. 0

4.3. Semi-discrete in space error estimate. The following result gives an a priori error estimate of
the semi-discrete in space approximation (3.7) for the case of nonlinear adsorption.

THEOREM 4.7. Assume that (F1)-(F7) are satisfied, the variational formulation (3.6) with nonlinear
adsorption has an ezxact solution C € H(0,T, H**1(Q)), and C), solves the semi-discrete in space Finite
Element formulation (3.7). Then for all 1 <r <k+1 and each T > 0 we have

T T T
@) o [C-cPa [ DUEvE- ol < [ o)k
0 0 0

3TIIUH§OHD’”2||§Q)(
w

1 — w2022
x exp(T + 4|DV2 )12, + 3w + 4flul| % | D212, + ?’(‘:M)K?

Proof. First we let v =, € Xg,l“;n C H&7Fin (©) in (3.6), and then subtract (3.7) from (3.6) to obtain
t
(4.16) 0= (w(C = Ch),vn) + (1 = w)ps(q(C) = ¢(Ch)), vn) + (/ u-V(C —Cy)dt’, vn)
0

V / DV C - Ch)dt ’I}h) Yoy, € XOI‘ (Q)

Choosing vy = Cj, — C = C — C+ C — Gy € X['pn gives
(@(C = C1),C = Cn) + (1= w)ps(a(C) — a(Ch)), C — C)
+ (/Ot u-V(C —Cp)dt',C — Cy) + (/Ot DV(C — Cy)dt', V(C — C))
= (W(C = Ch),C = Ch) + (1 =w)ps(q(C) = q(Cr)),C = Ch)
+ (/Otu V(C — Oyt C — Cp) + (/Ot DV(C — Cy)dt, v(c - éh)).

The Cauchy-Schwarz inequality and integration on [0, T yields

/TIO CplPdt +2(1 —w / / / "(0C + (1 — 0)C))do) (C — Cy)?d2dt

+ ||/ DY2w(C —Cy)dt'||?
0

3lullZ 1D~ %

w

T t T
<+ ) [0 preie - ciariPae aip e, [V (c - Gy e
0 0 0
3(1 — w)2p2k2. [T )
+ (4l 072 + 22 (Do e
0

Discarding the second term in the left hand side and using the Gronwall’s inequality gives

T T
w / I(C — Cw)[2dt + | / DVAV(C — Cy)dt |
0 0

3T||u||§o||D‘1/2||§o)

< exp (T + "

3(1 — 2.2,.2 T R
x (4D + 430+ a2, + HEEY [T g o - Gyfiae
w 0 chex
Chlr;, =9n

Let boundary term g, be the interpolant of g in X{lm. Then Lemma 2.3 finally implies (4.15). |
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In the following two sections we prove the solvability and the stability of the fully discrete system (3.3)-(3.4),
approximating (1.1) for the nonlinear explicit isotherm.

4.3.1. Existence of the solution to the fully discrete system. By adding and subtracting C’h, we
can rewrite the fully discretized (3.3)-(3.4) as follows:
Given Cf — Cj, € X[, find ottt -Gy € X{,, such that
(4.17)

(DV(CIH — (), V) = 72((00 (1= w)psd(

Git! = Co+ G+ Cuy) (G 2 Co) (Gl =Ca)
2 At ok
+2(f"Y2 up) — (- V(OFTY = Cp + OF 4 C),on) + (V- (DV(CR + C)), on), Yoy, € X¢r,,-

To simplify the presentation, we drop the subscript h throughout this section. By the Lax-Milgram theorem
[16, corollary 5.8], we have that

V1 e X", there exists an unique solution ¥ € Xy r,, of (DVY,Vv) = (I,v), Yv € Xor,,-
Then, the operator T': X* — Xy r,, defined by T'(l) = ¥ is a well-defined linear and continuous operator:

17D xo,r,

in

VAl
1] = sup IVl

1
since | V| < < |I]|«.
ex- |l ex= [l A

1
)\ )
Next, we define the nonlinear operator N : Xor,, — X* by

¢+O"+O))¢— (cn—0)
2 At
and the operator F : Xor,, — Xo,r,, by F =T(N(¥)).

LEMMA 4.8. N : Xgr, — X* is a bounded operator

N@®) = 2" = 2(w+ (1 — w)psq/( —u-V(p+C"+0)+ V- (DV(C" +C)),

2w+ 2(1 — w)ka 2w+2(1l —w
<
NG < [T + 222 202 2L

+ V- (DY + Ol + [l |V (C™ + O).

K n N n 1
JE2om @) g 2,

Proof. The proof follows from (F6), the triangle and Cauchy-Schwarz inequalities.

LEMMA 4.9. N : Xqor, — X™ is a continuous operator.
Proof. Tt suffices to show that ||N(¢1) — N(¢2)||« — 0 if |V (1 — 12)|| — 0. Here,

2w
< =

IN@) = Nl < Sollbs =l + - 9 = )]l

2(1—w)p5”q,(¢2+cn+é A P +C"+C

P )W = (" = ) — (P

) (W1 = (C" = O))l..

Using the Cauchy-Schwarz and Poincaré-Friedrichs inequalities, the Lipschitz continuity of ¢’ and (F6)-(F7)
we get

[N (1) = N(¢h2)|l+

QLUKPF 2(1 — w)psnngp 2(1 - w)psKKpp n A
< (B + T BB - (O™ = O Itz — ¥ + oV (82 — 1)

— X (w0 (1= whpiz + (1= w)puKn = (€ = Ol )z = | + K luloe [V (2 = 1)1

which concludes the argument. ]

LEMMA 4.10. F: Xor,, — Xor,, s a compact map.
13



Proof. Since T': X* — Xo r,, is a bounded linear operator, we only need to show that N : X, — X*
is a compact map. By Lemmas 4.8-4.9 we have that N : Xopr,, — X™ is a bounded and continuous

operator respectively, and the Rellich-Kondrachov theorem [28, page 272] provides the compact embedding
Xo,r,, < L?. Therefore N : Xor,, — L? < X* is compact.

in

Y e Xor,, — L*(Q) —— N(v) € X*

Xor, 0

To prove the solvability of the problem (4.17), it suffices to show that F has a fixed point, i.e., there exists
Y =F() € Xor,-

THEOREM 4.11. For any v € Xor,, and f € X*, there exists » = C"*1 — C € Xor,, solution to (4.17).

Proof. Consider o = aF (1) in Xor,,, 0 < a <1 defined by

in?

)wfw“fé)
At

v+C"+C
5 )
—au.vw+cn+é)+av.(DV(cn+é))),

Vo = T(Qaf"*é — 2a(w + (1 —w)psq'(

which holds if and only if ¢, € X ,, satisfies

(DVa, Vo) = =20 (w+ (1 - W)pag (2 gn 0t = (gtn _ C),v)

+2(af" V2 1) — (au- V(% ron C’),v) - (aDV(C” + C’),Vv), Yo € Xor,,.
Then by the Leray-Schauder fixed-point theorem [30,45], we only need to prove an a priori bound on || V), ||,
independent of a. This follows by setting v = v, and using the Cauchy-Schwarz and Poincaré-Friedrichs
inequalities

2[(PF 2KPF((.U + (1 — W

AAL

for 0 <o <1. 0

Psk n A
Josta)yom _ ),

Vol < ——

K;
12+ =

- V(e + O+ Sven + &) +

4.3.2. Stability of the solution to the fully discrete system. Inhere we derive an energy-like
bound for (3.3)-(3.4), the fully discrete version of the adsorption equation (1.1) for a nonlinear, explicit
isotherm, using the midpoint method for the time discretization. We recall that at the continuous level,
we proved that the solution C' > 0 is positive, and it is bounded by the initial and boundary conditions.
Nevertheless, positivity and at the discrete level, and a discrete the Maximum Principle are hard to obtain,
and usually hold under a CFL condition7 i.e., the timestep has to be O(h?) [49]. We use the following
notations: Qp(c fo

3At 8 ;
g =" Z |DV2w 2 — D72 C )

n=0
At s )1 —
4 20 3Atw Z ||D1/2VCn+1/2 8psP(q(Ch))( w) D*1/2u||2
= 3w
3At n 8 S
i w Z||D1/2VC +1/2 _°D 1/2V0h||2
n=0 3

14



3Afw Z P e aalc 8(1 —w)psP(q'(Ch))

o D71/2VCA(]—L||2

n=0
+ IIoUCéV+1 + (1= w)psq(CR ) = 2(wCh, + (1 — w)psP(q(Ch)))II%,

and

?)NAtw”SD 1/2C'hu

. »  3NAtw 8p,P(q(Ch))(1 —

Bh || + 4 ” 3w

A, 8(1 - w)psP (¢ (Ch))
4 3w

+ HwCh + (1 — w)psg(CR) = 2(wCh + (1 = w)psP(a(Ci))|1>:

w)D’1/2u||2

SNAtw 8
_|_

= D—l/Z'V(th2 + DY2w ey, |2

THEOREM 4.12. Suppose the assumptions (F1)-(F7) are satisfied so that the fully discrete formulation
has a smooth solution {CP}N_ € L?(0,T; H(Q)). Then for all N > 0,

lwCN*1 + (1 — w)psPlg <c”+1>\|2+Ath||vc"“/2|\2+2Ath / (CHY2)2 (u- 7)ds
n=0 Tout

4(1 — w)Atp, Z Qh(c,’;*l”)(u -T)ds

1
A(1 — w)Atp, Z/ PLq (CIT2)(DVPv e )2 a0 + e
= [lwC} + (1 = w)psPa(CI* + By,

N
+4A Y (fwCh T2 4 (1= w)pP(a(C %)) — (WCh + (1= w)psP(a(Ch))))
n=0

- QNAtw/ gGu-)ds —4(1 —w NAtpS/ Qn(gn)(u- 7)ds.
r i

in

Proof. Let C’h € X" such that éh = gp. Take

in

vn = wC 2 4 (1= w)P(g(C ) — (WCh + (1 — w)psP(a(C))) € Xir, ().
Then (3.3) yields to

(WO 4 (1= W)psq(CT?) = WO = (1 = w)psa(CF),wCr 2 + (1 = w)P(a(CR?)))
At T n n

+ 5 (@ VO w0 4 (1 - w)P(a(C )
At

+ 5 (VG v (wC 4 (1 - w)Pa(cr )

= L WO (L PO ) ~ (@G + (1~ )pPla(Cu))

+ @O+ (1= w)paa(Ch %) = wCp = (1= w)psa(C), (WCh + (1 = w)ps P(a(Ch))
2 VO, @i+ (1 - w).P(a(Ch)
+ SHDVEET ¥ ((WCh+ (1~ ). P((G))))

15



Using polarization identity in the first term, we get,

SUWC 2 4 (1= w)p, PG ) + O+ (1~ w)psPa(C))IP
— wC T+ (1= w)ps PCFT?)) — (WO + (1 — w)ps P(a(C)))])

At n n n
+ 5 (VO WO (1 - w)Pa(C )

At n n n
+ 5 (DVET 9 (WO 4 (1 )P ))
(4.18) 2

= SO+ (1 P(CG) — (o + (- @) PlC))

+ WO 4 (1= w)pag(CRH2) —wC — (1= w)pag(CR), (WCh + (1 — w)psP(a(Ch)))
At

+ 5 (@ VO (@G + (1~ w)pP(a(Ch))

+ 2DV (@l + (1 ) Pla(C).

Next, (3.4) yields to

(WO 4 (1 = w)peq(CPHY) —wCp ™% — (1 = w)psg(CH?)
LwC? (1 w)P(g(Cy )

+ 5w Vet wert 4 (1= )P )

+ %(DVCZH/Q, V(WO 4 (1= w)P (e )

= S WG (- PO — (@Ot (1 @), Pla(C)))

+ WO+ (1= w)pag(C ) = WO — (1= w)psg(C%), (wCh + (1 = w)pP(a(Ch))
+ 2w VO w1 (1- w)p,P(a(Ch)

+ 2DV 9 (@l + (1~ ) Pla(Ch)

Using polarization identity first term, we get

1 n n n n

(WG + (1= w)pP(a(CR TP — lwC 2 + (1= w)psPla(Cy )12

— w2+ (1= w)pPUCFT) = (O + (1= w)psPla(CY)IP)
At n n n

+ 5 (@ VO WO 4 (- 0)P(a(C )

At n n n
+ S DVCE 9 (WO (L= w)P(a(c )

(4.19)
= SHET WO 4 (1= )P ) — @O+ (1 - @), P(a(Ch)

+ (WO 4 (1= w)psg(CpHY) — wC 2 — (1= w)psa(C %), wCh + (1 — w)psP(a(Ch)))
At " . .

+ 5 (- VO 0Oy + (1= w)psP(a(Ch)))
At " 5 .

+ S (DVC2 W (@l + (1= w)pePa(Ch) )
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Adding (4.18) and (4.19), we get

%(ch;;“ + (1= w)p Plg(CPH)) 2 — lwCf + (1 — w)psP(a(CP))|1?
— wCr 4 (1= w)p PUCTT?)) — (WO + (1 — w)ps Pla(CPTY)) 12
+lwC T 4 (1= w)p P(CRFY?)) — (WO + (1 — w)ps P(a(CP)))|1?)
+ At(u- VT2 Lo 4 (1= w)Pg(CrTP)))
(4.20) + At(DVCT?, v(wc,’;“/ 24 (1—w)P(g(Cp 2))))
= A2, 0O 4 (1= w)P(g(Cr ) = (WCh + (1 — w)ps P(g(Ch))))
+ (WO 4 (1 - w)psg(CPHY) — wCf — (1= w)psa(Cf), (wCh + (1 — w)psP(a(Ch)))
+ At(u- VO Wi + (1 - w)psP(a(Ch)))
+ AUDVCE T2 9 ((@Ch + (1= w)psP(a(Cn) ) ).
Using (3.3) and (3.4), we get,
— WO 4 (1= w)ps PUCTT)) = (WCPH! + (1 — w)ps Pla(CR )12
+wCr 2+ (1= w)p PUCT?)) = (WO + (1= w)psP(a(CE))IIP = 0

Consequently, we have,

SO + (1= )p PG IR ~ wCh + (1~ e P(a(CR)IP)
+ At(u- VO wC 2 4 (1 - wyP(g(CRT))
+ AUDVC W (wC Y 4 (1 - w)P(a(cr )
(421) = A2 w4 (1 w)P(g(C ) — (@G + (1 - w)paP(a(Ch))))
+ (WO + (1= w)psq(Cp) —wCi = (1= w)psq(C), (wCh + (1 = w)psP(q(Ch)))
+ At(u- VO (@C, + (1= w)psP(g(Ch)))
+ AUDVCH 2 9 (wCh + (1= w)paP(a(Ch))).

Doing a similar analysis as in the semidiscrete case, we get,

At(u- VO WOt 4 (1= w)p P(g(C?)))

Atw Atw n
(829 -5 ) g (u- n)ds—l—T . (ch“/2) (u-7)ds

+ At(1 —w)p / Qn(gn)(u- n)ds—i—At (1- / Qn( nH/Q )(u-77)ds.

out

Next,

Atw(DVC‘,’LLH/Q, VC,?H/Q) + At(1 — w)pspl(q/(C;ZH/z))DVCZH/Q, VC}rLLJrl/Q)
— Atw(DY2v P2 plrwortt/?)

+ A1 = w)pu (P g (G ) DYV D e G,

= Atw| DYV 4+ Ar(1 - w)p / P (Cy ) (DY e )2 g,

17



Next, in the right-hand side terms, we get the following equalities,

(4.23)  At(u- VP2 WGy

3Atw HD1/2VC'R+1/2H2 3?(15500 HgDil/QC@hu”Z 3Atw ||D1/2V0n+1/2 %Dq/zéhung’
(4.24) <u : vc;;““, (1 - w)psP(a(Ch)))
3Atw HDl/QVC"H/ZHQ 3Atw H 8psP(q(Cp))(1 — w)D_l/QuHQ
16 3w
SAtw ||D1/2VC’7L+1/2 SPSP((](C?:Z}))“ —w) D’1/2u||2,
(4.25) Atw(Dvc"“/2 vCh)
3Atw\|D1/2VC"“/2H2 S?éngD‘l/QVC 2 3Atw”D1/2VCm+1/2 2D—1/2Véh||27
(4.26) <Dvc:f“/ 2, (1-w)ps P (Cr)VCh)
3Atw BAL p1agemti/2)2 3Ath8( )pgzl(q/(éh))D_l/QVéh||g
3Atw ||D1/2VC’”+1/2 8(1 — )pgzl(Q/(éh))D_1/2V0h||2~

Combining (4.22)—(. .), we get
1 n+1 n+13y((2 n ONIE wA? 1/2 n+1/2)2
S UGy + (1 = w)ps Pa(Cy )" = lwCy + (1 = w)psPlg(CI7) + == [D7ZVC,

+(1-w Atps/ Qn( ”“/2)(u~ﬁ)ds+m(1—w)ps/Pl(q’(c,’;““))(Dl/zvcg“/z)?dQ

A A 5
P50 aas + 22 D v et - S DG
1—‘out
il 3At0~) ||D1/2vcn+1/2 8psP(Q(§h))(1 —w) D—1/2u||2
W
+ ?’At°"||Dl/2VC”+1/2 213*1/2Véh||2
A 1_ 1/ 0075 R
n 3 tOJ||D1/2VCn+1/2 8( w)[);z (q (Ch))D—l/ZVCh”Z
= At(f”“/z,wc,ﬁ”z + (1 - w)pPa(CrTY?)) = (WCh + (1 = w)psP(g(Ch))))
Atw 3Atw 8 _ N
- [ gh(aT)ds + =g DTG
3Atw SpSP(q(dh))(l—w) 1 3Atw, 8 5
D-1/24]12 S p-1/2 2
L o ul® + —2=l3 VG|
3Atw 8(1 — w)p P (C _ 5

+ (WO + (1 - w)psq(Cr™) = wCp — (1= w)psa(CR), (WCh + (1 — w)psP(a(Ch))).

Next, we sum over n = 0 to n = N to obtain

1 WAL n
@20 GG+ (1= P IR + S S D e
n=0

A;w iv: / n+1/2 )ds) + AL = w)ps i / On( n+1/2( ﬁ)ds)

out out
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+ AL - w) pg (/ PLU(CIH2) (D2w Ot /2y dQ)

At .
4 38 WZIIDWV(J”“/Q gpfl/?c*hull2

A ) (1 —
3Atw Z ”Dl/QVCnJrl/Q 8)0&7)((1(22))( OJ) D—1/2u||2

3At " 8 .
i w Z”Dl/QVC +1/2 3D_1/2V0h||2

A 1— 10007 .
3Atw Z ||D1/2vcn+1/2 8( w>p§z (q (Ch))D_1/2V0h||2

= At Z(f"“/%wc;”” 2+ (1 w)psPa(CrT?)) — (WCh + (1 — w)psP(a(Ch))))

n=0

3N Atw 8

H D—l/ZC«hu“2+3NAtW 8psP(Q(éh))(1_w

16 I 3w

3NAtw 8 PG (Ch)) ; 1
| M= PG a2 6,2 4 Lwch + (1 - w)o PRI

—Nﬁt” / ghue s (1 w)N A, / Qo) )ds
(428) @O 1 (1— w)pug(CY T wCh + (1 — w)p P(a(Ch))

R X BNAt 8
— (WC + (1 — w)psq(C, wCh + (1 — w)psP(q(Ch))) + ~

)D—1/2u||2

I3D~ 1293y 2.
Here,
WO+ (1= w)pya(C 1), G + (1= w)p,P(a(Cr)
= SO+ (L= w)paa(CN ), 2Ch + (1 - 0)pPa(Ch))
= @O+ (= w)pa( @I + I26C + (1 w)p. PGP
— IO 4 (1= @)pag( O ) = 2(wCi + (1~ ). PG
and
— @O+ (1~ @)pua(CR)), wCo + (1~ w)p.P(a(C))
= —S(@O8 + (1~ @)psa(CR 2(wCo + (1 - w)pPa(Ch)
= LI+ (0= paa(CDI? ~ I2(Ci + (1~ @), Pa(C)
+ 1008+ (1 w)pag(CR) — 2 + (1~ ) P(a(Co))
Hence (4.27) becomes

1 Atw "
PO+ (1= @) PGNP + == Y Ve
n=0

A
th/ /2y ﬁ)ds+ gh AtpsZ/ QO ) (- T)ds
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lfw Atng/’P n+1/2))(D1/2VC’:+1/2)2 dQ

n=0
1
= anoﬂ + (1= w)psP(a(CR)* + 7By
N
+ A (FwC T 4 (1= w)pP(g(CrTY2)) = (WCh + (1= w)psP(g(Ch))))
n=0

NAtw
-25E [ ghtae@yds - (1 - )N, [ Qo (a- s
in Fin

Simplifying the above inequality, we get the claimed result. 0

Next, for the constant isotherm, we omit the proofs of Theorem 4.13 and Theorem 4.14 since they
could be retrieved from the nonlinear case by plugging in ¢(C) = K with K > 0 and dropping the other
assumptions except (F1)-(F6).

4.4. Affine Isotherm. In the case of affine adsorption, ¢(C) = K; + K>C with K7, Ky > 0. It implies
% = KQ%. Let @ = (w+ (1 — w)psK2). Hence, the variational formulation given in (?7?) simplifies to the
following: Find C' € H'(Q) such that C| =g and:

_oC 1
(4.29) (wa,v) + (u-VC,v) + (DVC,Vv) = (f,v), for all ve Hyp (Q).
The semi-discrete in space Finite Element formulation with affine adsorption is as follows: Find C} € X"
such that Ch’ = g and
oCh

(4.30) (QW’

vp) + (0 VCh,vp) + (DVCh, V) = (f,vp), for all vy € X&Fm(Q).

For the analysis, we recall the refactorization of midpoint method [17] for time discretization, and we get
the following full discretization: Given CF' € X", find C’,?‘H € X" such that C}?H L = satisfying

in

Step 1: Backward Euler step at the half-integer time step #,, 1 /2
(4.31)

Jan -y

(WT/th) + (u- VCZH/Z,vh)—i—(DVC’ZH/Q, Vo) = (f*2 wy,), for all vy, € X&Fin(Q).

Step 2: Forward Euler step at t,1
(4.32)
n+1 n+1/2
(@ Ch+ _ Ch /

A2 ,on) + (u- VC’ZH/Q, vh)—l-(DVC’,T;H/z, Vo) = (f*2 ), for all vy, € X, ().

in

The next theorem gives a stability bound in the sense that the solution is bounded in space.

THEOREM 4.13. Assume that (F1)-(F6) are satisfied and the variational formulation with affine adsorp-
tion given by (4.29) has a solution C' € L>=(0,T, L?(Q)) N L2(0, T, H'(Q)) with f € L*(0,T;L*(Y)). Let C
be the continuous extension of the Dirichlet data g inside the domain 0 and satisfies (4.1). The bounds on
ICI1? and |V C||? are given in (4.2). Then we get the following bound:

lcw? + /||vo 2 drt 2 //
451 VC2 2 PF K 2
A H I? dr— 2 )dsdr -+ 31Cp|” + 2 F 117 av

Proof. This follows the same proof as we did in the nonlinear case. ]
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Next theorem gives a priori error estimate for the case of constant adsorption and semi-discrete in space
where we will use the notation:

8KEp|lul|% + 863 SKEpw? 4w
2 _ PRI 1\ g2 O8pR 2
K —m&x{(?—i— 2 )Kl, 2 K7 /\}

THEOREM 4.14. Assume that (F1)-(F6) are satisfied and the variational formulation with affine adsorp-
tion given by (4.29) has an ezact solution C' € H*(0,T, H**1(Q)) and C}, solves the semi-discrete in space
Finite Element formulation with affine adsorption given by (4.30). Then for 1 < r < k + 1 there ezists a
positive constant K independent of h such that:

. —_1]10C
”O*C}LHL2(O,T;H1(Q))gK(h HCl L2 o zimr ) + P IHE

+1(Ch = ) O)]).

Proof. This follows the same proof as we did in the nonlinear case. a0

L2(0,T;H7 ()

Next, we find the energy bound for the discrete version of the adsorption equation (1.1) for affine isotherm
using the midpoint method for the time discretization. At a continuous level, we proved C' > 0 and bounded
by initial and boundary conditions. But at a discrete level, the Maximum Principle is very hard to implement,
usually, the timestep has to be O(h?) [49].

THEOREM 4.15. Suppose the assumptions (F'1)-(F7) are satisfied so that the fully discrete formulation
has a smooth solution {CP}N_ € L?(0,T; H(Q)). Then for all N > 0,

o P N
oM+ 2 4 2 Atz / R e )ds) + S A S [V OE
n=0

AN At|ul, + 8>\w 2N At ANAtS? + NAtN?
< Al Gl + ([ (o) ityas) + S

é 2
< A, S VG
SK?2
+ PF

At Z P20+ llCplP.

n=0

Proof. Let C), € X" such that C), = gp. Take v, = CZ+1/2 —Cj € X&Fm(Q). Then (4.31) yields to

in

i n At n n At " "
@@ =0, G + S VO G + DV e vt

At . . . . t n . At N .
:7(f"+1/2,0h+1/2 —C) + (@(Cr2 —cpy), Gy + = (u-vC2 6, + 7(Dvch“/?,vch).

2 (
Using polarization identity in the first term, we get,

(4.33)
9 C«n+1/2 2 _ 9 cp 24 Q C7L+1/2 —cr 2y 4 g u- VC’n—H/Q, Cn+1/2 n g DVCH—H/Q, VC’”+1/2
2 h 2 2 h 2 h h h h
= g fn+1/270n+1/2 — G+ @ otz _om Cy) + ﬁ u.VCnJrl/Q,C;h At DVC"“/Q Ve,
2 h h h 5 h -5

Next, (4.32) yields to

n n At n n At n n
((I)(C;Z+1 o Ch+1/2), C +1/2) + 7( . chh-i-l/Q7 Ch+1/2) + 7(Dvcf}L‘5‘1/27 Vch+1/2)

2
At " . o n . At " L At " .
=5 (G = G+ @O = GG + S (e VO G + 5DV G2,V E).

Using polarization identity first term, we get

(4.34)
w nt1y2 n+1/22 — n+1/2) 2 At n+1/2 ~n+1/2 At n+1/2 n+1/2
S UG =, = IG™ = G ) + = (w- VO, G 7) + == (DV G, 7, VO,

A .
g(pvcfj‘“”, vEh).

At n n 5 At n 5
= S R CGTE = G + @(CET = O, ) S (e VO G
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Adding (4.33) and (4.34), we get
W n+1/2 n n n41/2 n+1/2 ~m+1/2
SUCKT P = ICRIP + G2 = Rl = G = 2P + At(a - VO 2,0

(4.35) + AHDVCIT2 vy = A2 n YR Gy + (O = ), C)
+ At(u- VO Cy) + AHDV I W E).
Using (4.31) and (4.32), we get,
1, " 1. .. n
IO = CrlP = Slept = et =0
Consequently, we have,

(4.36)
SUCTH =GR + Atlu - VG2, 0p %) + A(DV O 2, v G

= AL(frH2, 00 G + @O = ), Cn) + At(u- VOV G + At(DVCIT? W E).

Doing a similar analysis as in the continuous case, we get,

1 1
(4.37) (u-vCpT2 ontt/2) - 5(/ ((gn)?)(u- ﬁ)ds) + 5(/ () - ﬁ)dS)'
Fin Fout

Next,
(4.38) (DV T2 wert 2y > A vert 22,
The bounded term on the right side using similar techniques as in continuous case is shown below:

n 5 /\ n u ZO ~
(1.39) (w-vepti2 6 < Apwe e Bl e, e
4.40 DVCrt2 véy) < Averti2 + B,
(4.40) (DG, 96y < 2IVCH 12 + BV G

n 1/2 5 2K3 n A n+1/2 A 5

(4.41) (2, AR = Gy < ZEEE| 22 4 2V Ot 4 IV Gl

Putting (4.37)-(4.41) into (4.36), we get,

7HCh+1H2 ||Ch ||2 + ?(/F ((Ch+1/2)2)(u . ﬁ))ds) ||VC +1/2||2

out

ul? 2 5
(4.42) < BB S [ (e has) + S WP

in

QKPFAt

n AtA 2l ~ n n 5
+ £ 201 + 1 —IVCLIP + @(Cy = CR), Ch).

Next, we sum over n =0 to n = N to get

@ At AN &
n+1/2 n+1/2
e - SIosIP + 5 S (] e itds) + 52 S0 IV

n=0 out n=0
Nlu|? At 4 NAt NAtB? 4
aay <R TR (e Tas) + S5 v 2
A 2 \ i y
QK2 At o~ NAtA, . .
+ 2Bl vz 4 DR G CL 2 4 @) - €9), 6.
n=0
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Here,
_ 5 @ @ A
@(Cy = CR),Cu) < TGP + ZIICRIP + 2 G

After simplification, we get the desired result. ]
Remark 4.16. Putting (4.37) into (4.36), we get,
Wm At n+1/2 n+1/2 n+1/2
S = FICHE+ G ([ (G Tds) + AV CE 2, 90

out

(t4) = A;(/F ((gn)*)(u- ﬁ)ds) + A2, O - Gy

+(@(C = p), C) + At(u- VCIT2 C) + AHDV OV W E).

in

If f=0and Cy =0 in (4.44), we get the balance of mass as follows

| €1

2
(4.45) Fou

=5 ([ (@) u-is).

in

n At n . .
(||Ch+1||2 ”Ch” )+ (/ ((Ch+1/2)2)(u.ﬁ)d5) +At(DVC’h+1/2,VC’h+1/2)

Recall that u- 77 > 0 on T'out and u - 7 <0 on Tin.

Next theorem gives a priori error estimate for the case of constant adsorption in the fully discrete case where
we will use the notation

8KEpllull2, + 85%)K2 8Kppw”

ngmax{(Q—i— 2

K

, 8K\ TK2, 2
22 z A2 /\}

THEOREM 4.17. Suppose the assumptions (F'1)-(F7) are satisfied so that the fully discrete formulation
has a smooth solution {CP}N_ € L*(0,T; HY(2)) and the variational formulation with affine adsorption
given by (4.29) has an ezxact solution C € H'(0,T, H**1(Q)). Let ¢} = C, — Cp. Then for 1 <r < k+1
and N > 0 there exists a positive constant K such that:

N+1

AL [Cltns12) = Cultnsapa)l} < K2 (h2 2At2||c (tnir )2+ 172| 57
n=0

+ (A Cutel o 7., + 881).

L2(0,T;H" ()

Proof. Let the approximate solution at time t"*+1/2 be C’”H/ 2

get, the fully discrete variational formulation as follows:
Given CF € X", find C;'"™' € X" such that O}t

(4.46)

n+1 o n
(@%,vh) + (u- VO o) H(DVCET? V) = (f7Y2, o), for all v, € Xl (9).

Then by using the midpoint method, we

= g; and satisfying,

in

Let C represent . We write the following variational formulation for the exact solution C.
(4.47)

(Q—C(tn+1)At_ C(tn) s 1)) -+ (ll . VC(tn+1/2), U) + (DVC(tn+1/2), V’U) = (fn+1/27 U) + (rn’ U)? Ve H&,Fin (Q)

where time discretization error, r" C(t"“) Oltn) Ct(t"“HCt( n)
Let e” = C(t,) —Cp and v = vy, € Xo r, C H0 r, (©) in (4. 47) and then subtract (4.46) from (4.47) to get

(4.48)  (@—————vn) + (0 Ve /2 ) + (DVe" /2 Vo) = (", vp), for all vy, € X{p ().

in
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Then for any Cp, € X" such that C), = gp, we write that e = C(t,) — C = C(t,) — C,+C), — Cp. Let

in

r= Ch— Cp and n™ = Ch,— C(t,). Notice that both C}' and C’hn are equal to g, on I'y,. Hence ¢} = 0.

in

We choose vy, = ZH/Q € X&Fin. Then (4.48) becomes

— ¢n+1 - (rbn n n n n n
@2 ) (VT R 1 (DY e vt
n+1

= @ g ) R ) (D O (.

We obtain lower bounds for the terms on the left and upper bounds for the term on the right of (4.49) by

using the assumptions and Young’s and Cauchy-Schwarz inequalities. We rewrite the first term in (4.49),

— ¢n+1 B ¢n n w n n
(4.49) @) = 5 a7 (I = R,

Following the same steps in Theorem 4.14, we get the following bounds

(4.50) (w- Vg2 gt ?) > 0,

(4.51) DV 2 Vo) > v

(152 (-t g is2) < el g Aoz
(4.53 (D12, ety < BE gy X2y,

Next,

tn+1

0t = w
@l = (2 [ ),

tn
2K32 0> bt 2 A n
S mlar)? + G192,

BRYAZ

Hence, after applying Cauchy-Schwarz inequality we get,

I L 2K3 w2, [ttt A n+1/2
(4.54) O I A B v.v § A R RE LA
Next,
n 1/2 >\ 1/2 2K2 n
(4.55) A Rl | A e

Combining (4.49)-(4.55), we get

(I) n 7 )\ 1/2
sag U1En I = lonl®) + S 1o a1
(456) 2 2 1 — t
29K n+1/2/2 2 2||,,n+1/212 2K2 2 n+1 2K2
S PF”u”oo”n ”1 + 51”77 ”1 + PFW (/ ||77t||2d7_)+ PF||rn||2.
) ) ALV, 2\

n
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Multiplying (4.56) by 27“ and summing over n = 0 to n = N, we get

N+1 2 2 2 N+1
n 4Kp||lul|s, + 48 n
O 5 3 AV < (R S sl
(4.57) N =0
4K2 4K2 n
e [T s RS A 1 o
0 n=0
To bound 7", we use Taylor expansion about t"T/2. Hence,
N+1 N+1
S OALP < Ky Y AHAL | Crael < (0, T; L)),
n=0 n=0

< K\ NAUAL || Cope| o (0,7:105)
< KZ (AL Cae | oo 0,7 0)*-
Therefore, (4.57) implies

NJrl 2 N+1
r 4K 4
||¢N+1||2 Z AtV l+1/2H2 ( PF”u” + 51) Z At|| n+1/2H2

AK2 @ AK,TK?2
n i/ mel|2dt + 21T K ep

L = EPE (A2 Copl e o,7:0)) + 131

Hence, we can write,

N+1 2 2 N+1

4K, 4
Z At”V(bZH/QHQ < ( PF”u” + ﬂl) Z At n+1/2H2
4K3 02 4K\ TK?
R [ e HT e

w
+ (AP Cuat|| Lo 0,751.) ) XH¢2H2~

By using the Lemma 2.1, we get

N+1 2 2 2 N+1

n+1/2 4K ||11| ) + 4ﬁ n
S adfoy 2 < (Herle FATEY S e
_ n=0

)2
4K2w? 4K \TK?2 w
+ Pii/ 21>t + J(AR||Cttt||L°°(0,T;L°°))2 + < llonll.
A A2 A
Triangle inequality gives

N+1 N+1
n n+1/2 n
Z Atllen /2|2 < Z 28t ([lof 212 4 " t213).

Thus, we get
N+1 9 9 N+1
n 8Kppllull3 + 867 n
> At < (24 SEEER T S Aty 23
= n=0
K202 [T 8K\ TK?
%/ ([ 2dt + %(AtQHC’tttHLN(OTL )) +7”¢h”2

Since Cj, is arbitrary, we have the following inequality

N+1 2 2 N+1
K .
Z At”enJrl/QH% < ( 8 PF”uH +851) Z At 1nf HCn+1/2 —Gll?
cpexh
= Chlr;,=9n
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8K TKZp

+8K§,Fw2/OT f H@(C Ch‘ L

o ‘ dt +

20
(A Craell Lo 0, 752.))* + 7||¢2||2~

Cpexh
Chlry, =9h

Let g5, be the interpolant of g in X{im. Then by using Lemma 2.3, for 1 <r < k+ 1 we get,

N+1 2 2 N+1
n 8KRpul3, + 857 r— n
> Atfert 2 < (24 R T 3R Y AtCn
(458) n=0 n=0
8K3pw? o [T10C2 8K \TK3 20
+ %Kg}ﬁ 2/0 HE dt + )\713F(A752||Cttt||Loc 0.1:L5))° 7||¢2||2-
Let
2 8KPp|lull3, + 857 .o 8Kppe® o 8K\ TKEp 20
K = max{ (24 ¥ )KL KL T T
Thus (4.58) implies the claim. d

5. Numerical Test. In this section, we perform numerical tests to show that the midpoint method
described in Subsection 3.2 gives a second-order convergence rate for the considered PDE model for the
constant, affine, and nonlinear, explicit adsorptions. Since the results are similar, we only show the nonlinear,
explicit adsorption case. For checking the order of convergence, we assume the following: uw = (1,1), D =1,
Q =1[0,1] x [0,1], w = 0.5, X" = the space of continuous piecewise affine functions, the exact solution is
C(w,y,t) = t2(a® — %mz +1)cos (Fy). The true solution determines the body force f, initial condition Co,
and boundary conditions. The norms used in the table are defined as follows,

T 1/2
[Clloo,0 :==ess sup [|C(- 1)l r2(q) and [|Cllo,0 := </ ICC D720y dt) :
o<t<T 0

Next, for the plot of the concentration profile in each case, we consider the following: f = 0, g = 1,
=30, h = 1/128, dt = 1/128, u = (0,2z(z — 2)), D = I, Q = [0,2] x [0,10], w = 0.5, X" =
the space of continuous piecewise affine functions.

5.1. Tests for the case of nonlinear, explicit isotherm. In this subsection, we first check the
convergence rate for the case of nonlinear, explicit isotherm in the first test, and in the second test, we plot
the concentration profile. We also show the comparison of total mass after each test. In this test problem,
we use Langmuir’s isotherm with ¢p,q = Keq = 1 where ¢(C) = % =73 +C We simplify the problem
formulation to a single (nonlinear) transport equation in one unknown C' using

d¢ 9q0C 1 dC

ot aC at  (1+C)2 at’
While using Backward Euler discretization, we compute solutions by lagging the nonlinearity ¢’ (C}?H) as [22]

it -cn et -cyp
/ n+1 h h
¢ (Cy) Al q'(Cp) =" Al :

For the midpoint method, we use the standard (second order) linear extrapolation [37] of C’ZH/ ? while

computing ¢ (C”+1/2)

as
ettt -cp ,(303—0,7*1)0;;“—0;
At ~4q 2 At
26

q (Cn+1/2)




A 5 D [0 0D [t [ ()
[C = Chllso0 0.0636074 | 0.0374917 | 0.0206665 | 0.0108985 | 0.00558454
Rate - 0.76262 | 0.85928 | 0.92316 0.96462
1C = Chlloo 0.0522838 | 0.0310798 | 0.0169125 | 0.00883222 | 0.00451535
Rate - 0.75039 | 0.87789 | 0.93724 0.96794
[VC —VChlloo | 0.0847469 | 0.0502647 | 0.0273473 | 0.0143409 | 0.00746467
Rate - 0.75362 | 0.87815 | 0.93126 0.94199
[C = Chllo 0.0995773 | 0.0590973 | 0.0321544 | 0.0168424 | 0.00872408
Rate - 0.75272 | 0.87808 | 0.93292 0.94902

Table 5.1: Temporal convergence rates for the BE approximation with a Langmuir adsorption model to the
non-steady-state problem.

(h,At) — (2m2) | (gs 1) (28 5) (25 16) (25> 35)
IC — Chllco0 0.0357416 | 0.00951864 | 0.00242801 | 0.000611192 | 0.000153313
Rate - 1.9088 1.971 1.9901 1.9951

IC — Chllo,o 0.0307399 | 0.00741601 | 0.00181065 | 0.00044712 | 0.000111214
Rate - 2.0514 2.0341 2.0178 2.0073
IVC —VChlloo | 0.744766 | 0.191186 0.0475431 | 0.0117471 0.00323681
Rate - 1.9618 2.0077 2.0169 1.8597

|C — Chlloa 0.7454 0.19133 0.0475776 | 0.0117556 0.00323872
Rate - 1.962 2.0077 2.0169 1.8599

10"

e

<-- Error -->

—h—

——

Mid: [|C-C, [l
Mid: [IC-Cylly o
Mid: [|V(C-Cy )lly o
Mid: ||C-C lly 4
BE: [|IC-C, Il o
BE:[|C-Cylly,0
BE: [IV(C-Cy)llyo
BE:|IC-Cylly

10"

Table 5.2: Temporal convergence rates for the midpoint approximation with a Langmuir adsorption model
to the non-steady-state problem.

<--dt-->

Fig. 5.1: Langmuir Isotherm: Temporal rate of convergence of BE and Midpoint, ' = 1.0, h = 1/128. Notice
that Midpoint is giving order 2 whereas BE is giving order 1.
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Fig. 5.2: Langmuir Isotherm: Comparison of total mass for exact solution, BE, Midpoint, T' = 1.0, h = 1/128,
dt = 1/8. Notice that BE overestimates total mass rather than underestimates.

IsoValue IsoValue

7702
0627156
0677286

W0.625732
0675635

092794
105327

Fig. 5.3: Langmuir isotherm: Plot of concentration while using BE (Left) & Midpoint (Right), f =0, g = 1,
T =30, h=1/128, dt = 1/128, u = (0,22(z — 2)), D = I.
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Fig. 5.4: Langmuir isotherm: Comparison of total mass, f =0, g =1, T = 3.0, h = 1/128, dt = 1/128,
u=(0,2z(x—2)), D=1

In the Figure 5.3, the concentration front gradually advances through the height of the membrane over
time as it evolves following the contour of the velocity profile. Although we cannot visibly see the difference
among two plots for BE and midpoint in Figure 5.3, we can see the significant difference in total mass
evolution in Figure 5.4.
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6. Conclusion. We provided a detailed stability and error analysis of a simulation tool for modeling
the adsorption process for the constant and affine adsorption cases. For the nonlinear, explicit adsorption,
we proved stability analysis for the continuous case and semi-discrete case and the existence of a solution
for the fully discrete case. The error analysis for this case is more involved and under some assumptions, we
were able to show an error estimate for the semi-discrete case. But numerically, we showed that the midpoint
method gives second-order convergence for all adsorption cases. The next most important step in developing
this tool is coupling this reactive transport problem with porous media flow where velocity is approximated.
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