
Linear Algebra Preliminary Exam January 2025

Problem 1 Find the matrix representation of the derivative operator on the space of polynomials
of degree at most 2 in the basis {1, x− 1, x2 + 2x+ 1}.

Problem 2 Let A,B ∈ Rn×n be two matrices. Show that p(t) = det(A+ tB) is a polynomial and
deg(p) ≤ rank(B).

Problem 3 Let S be a n× n Nilpotent matrix, show that S is similar to S2024 − S.

Problem 4 Let A : X → X where X is a finite dimensional complex Euclidean space. Let x be a
unit vector such that

∥Ax∥ = ∥A∥ .

Show that x is an eigenvector of A∗A.

Problem 5 Let H,K be n × n complex matrices and A = K +H. Suppose H∗ = H, K∗ = −K,
Show that
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where {µi}ni=1, {σi}ni=1 and {λi}ni=1 are eigenvalues of K,H and A respectively.

Problem 6 Let f1, . . . , fn : R → R be functions. Prove that the following are equivalent.

1. For all sets of n distinct points x1, . . . , xn ∈ R and for all y1, . . . , yn, there exists a set of
coefficients a1, . . . , an such that

n∑
i=1

aifi(xj) = yj ∀ j = 1, . . . , n.

2. For any set of coefficients a1, . . . , an, the function x 7→
∑n

i=1 aifi(x) has at most n− 1 zeros
in R unless a1 = · · · = an = 0.
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